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Preface

In September 2007, the London Mathematical Society and the EPSRC spon-
sored a ‘short course for graduates’ in Oxford, under the heading ‘Asymptotic
methods in infinite group theory’. This was organised by Dan Segal and con-
sisted of three series of lectures. The present book is basically a record of
these lectures, somewhat polished and expanded. It is intended to serve as an
introduction, for beginning research students and for interested non-specialists,
to some areas of current activity in algebra: the questions mostly originate in
group theory but the methodology encompasses a wide range of mathematics,
involving topology, algebraic geometry, number theory and combinatorics.






Editor’s introduction

From a purely algebraic point of view, there is not a lot one can say about infinite
groups in general. Traditionally, these have been studied to good effect in com-
bination with topology or geometry. These lectures represent an introduction to
some recent developments that arise out of looking at infinite groups from a point
of view inspired — in a general sense — by number theory; specifically the interac-
tion between ‘local’ and ‘global’, where by ‘local’ properties of a group G, in this
context, one means the properties of its finite quotients, or equivalently prop-
erties of its profinite completion G. The second chapter directly addresses the
interplay between certain finitely generated groups and their finite images. The
other two chapters are more specifically ‘local’ in emphasis: Chapter I concerns
the algebraic structure of certain pro-p groups, while Chapter I introduces a
way of studying the rich arithmetical data encoded in certain infinite groups
and related structures.

A motivating example for all of the above is the question of ‘subgroup
growth’. Say G has s,(G) subgroups of index at most n for each n; the func-
tion n +— s,(G) is the subgroup growth function of G, and is finite-valued if
we assume that G is finitely generated. Now we can ask (inspired perhaps by
Gromov’s celebrated polynomial growth theorem): what does it mean for the
global structure of a finitely generated group if its subgroup growth function
is (bounded by a) polynomial? To approach a question of this kind, we need
to show that if G is in some sense very big, or very complicated, then G must
have a lot of finite quotients that can be more or less well understood. If G is a
finitely generated linear group, there is a natural family of such quotients pro-
vided by the congruence subgroups. The theory of ‘strong approximation’ gives
remarkably good information about these; this is the topic of Chapter II.

The point of ‘local-global’ results in number theory is that the ‘local’ situ-
ation is usually easier to understand. In group theory, we can similarly make
things easier by restricting attention to p-groups: there is only one finite simple
p-group! To an infinite group G' we can associate its pro-p completion G, which
is the inverse limit of the finite p-group quotients of G. If these finite p-quotients
are suitably ‘small’ (for example, if G has polynomial subgroup growth), then —
wonderfully! — @p turns out to have the structure of a (p-adic) Lie group. This
has manifold consequences; in particular, (A;p is a linear group. Thus the natu-
ral map from G into @p provides a linear representation of G, and the whole

1



2 Editor’s introduction

technology of linear groups (including the methods of Chapter IT) can be applied.
Of course, p-adic Lie groups arise in many other situations. Chapter I presents
an elementary introduction to the topic, from a group-theoretic perspective.

Given a group G, we can also study the arithmetic of the sequence (s, (G)), or
of other sequences associated to G in a similar spirit (such as the representation
growth function). If G is not ‘too big’ — finitely generated and nilpotent, say, or
arithmetic, or p-adic analytic — these sequences have amazing properties. This is
the topic of Chapter III, which introduces the zeta functions attached to certain
groups and rings. This is a subject still in its infancy: while many striking results
have been obtained, many tantalising questions remain.

The three chapters can be read independently of one another, though there
are occasional cross-references; for a quick introduction to p-adic numbers and
profinite groups see Sections 2-5 of Chapter I. Each chapter has its own intro-
duction; the following remarks are more by way of general motivation.

Analytic pro-p groups

If we want to study the finite images of a group like SL,,(Z) from a ‘local’ point
of view, we may focus on those of the form SL, (Z/p™Z) for a fixed prime p.
The inverse limit of this system is the group SL,(Z,) (where Z, is the ring
of p-adic integers). This is the prototype of a (compact) p-adic analytic group.
As one would hope, its structure is more transparent than that of the original
arithmetic group SL,(Z). In particular, it has an open (finite-index) normal
subgroup which is a pro-p group of finite rank. In general, one obtains such a
pro-p group as an inverse limit of finite p-groups of uniformly bounded ranks;
Chapter I presents some of the rich structural theory that exists for these groups.
This material belongs in every group-theorist’s toolbox.

The chapter introduces the concept of pro-p groups, as inverse limits of
finite p-groups. It then develops in more detail the theory of pro-p groups of
finite rank — in this context, the rank of a group G can be defined as the largest
dimension (over [F},) of an elementary abelian section of G. If this is finite, it turns
out that G (or at least a suitable subgroup of finite index) carries the structure
of a Lie algebra over the p-adic integers Z,, of the same (finite) dimension. Thus
certain questions about the non-commutative group G can be approached with
the help of linear methods.

One consequence is that a pro-p group G of finite rank has the structure
of an analytic group over Q,. The more analytic aspects of the theory are not
explored in depth in this chapter; a fuller account may be found in the book
[APG]. Here it is pointed out that a p-adic analytic pro-p group is the same
thing as a closed (in the p-adic topology) subgroup of GL,,(Z,), for some n, a
fact that has useful applications as mentioned above.

The Lie theory is applied to good effect in studying the finite representations
of these groups; the Kirillov orbit method relates these to the adjoint action
of the group on its Lie algebra, and leads to remarkable results concerning the
‘representation growth’ functions. These in turn can be applied, in a local-global
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spirit, to the representation growth of arithmetic groups: a topic touched on in
Chapters I and III, and the subject of much ongoing research.

Chapter I has some overlap with the book [APG], to which it may serve as
an introduction; it also pursues in some depth topics not covered by that book —
these include saturable pro-p groups, potent filtrations, and the Kirillov orbit
method.

Strong approximation

If one wants to study linear groups, one needs to have some basic familiarity
with the theory of linear algebraic groups. One purpose of Chapter II is to
provide a brief overview of some of the essential features of this theory — at
least enough so that the newcomer can make sense of, and appreciate the value
of, the ‘strong approximation’ results that form the main focus.

In algebraic number theory, the Strong Approximation Theorem is a slightly
beefed-up version of the Chinese Remainder Theorem, which says thatifay, ..., as
are (finitely many) pairwise coprime ideals in a ring of algebraic integers o, then
the natural map from o into 0/a; X - - - X 0/a is surjective. A much deeper fact is
that an analogous statement is true for certain non-commutative matrix groups
(arithmetic groups). The general setup is explained in Chapter II; as a typical
example, we have: if ¢qi1,...,¢s are pairwise coprime integers, then the natural
map 7 : SL,(Z) — SL,(Z/1Z) X - -+ x SL,(Z/qsZ) is surjective.

This theory is satisfying, and in a sense not surprising (SL,,(Z) is generated
by elementary subgroups that look like Z, to which the Chinese Remainder The-
orem may be applied; the proof for other arithmetic groups is much harder). A
truly remarkable generalisation was discovered in the 1980s by Madhav Nori and
Boris Weisfeiler. This applies to linear groups that may be far from arithmetic;
for example, if " is any Zariski-dense subgroup of SL,,(Z), then the restriction
of m to I is still surjective, as long as ¢, ..., gs avoid some finite set of possibly
bad primes. In general, the theorem applies to any linear group I' (over a ring
Z[1/m)] for some m) such that the Zariski-closure G of I' is simple as an algebraic
group over Q: it ensures that I" has an infinite family of readily identifiable finite
images, namely the groups G(Z/qZ) for many integers q.

The necessary technical language (algebraic groups, Zariski topology) is all
explained in this chapter, which goes on to describe some powerful and straight-
forward applications to finitely generated linear groups in general. These are
encapsulated in the so-called ‘Lubotzky alternative’, which implies the follow-
ing: if I is a finitely generated linear group over a field of characteristic 0, then
either T is virtually soluble or " has a subgroup A of finite index such that A
has infinitely many finite quotients of the form G(F)e ), simple groups of a fixed
Lie type over finite fields, with p ranging over almost all primes and e bounded.

The Lubotzky alternative is a key tool for attacking questions of the follow-
ing kind (and was indeed motivated by them): what global constraints follow
for a finitely generated group G if the finite images of G are in some sense
‘small’; or in some sense ‘grow slowly’? Such investigations are expounded in
Chapters 5 and 12 of the book [SG]; results include the characterisation of
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finitely generated residually finite groups of finite upper rank, or with polyno-
mial subgroup growth, as those which are virtually soluble of finite rank. The
point in each case is that if G is not virtually soluble, then G must have finite
images that are ‘too big’, or grow too fast.

This methodology has been used in a number of other ways (see Chapter 11,
Section 6.4). It also belongs in the toolbox of anyone seriously studying finitely
generated residually finite groups.

Zeta functions

To each finitely generated group G we may associate the numerical sequence
(an) where a, = a,(G) is the number of subgroups of index (exactly) n in G.
It is traditional in number theory to represent such a sequence by a ‘generating
function’. If the a, grow at most polynomially with n (i.e. if G has polynomial
subgroup growth), it may be a good idea to take for this the Dirichlet series

Ca(s) = Zannfs.
n=1

This is a priori a formal expression in which s is an indeterminate, but the
polynomial growth condition implies (and is equivalent to) the fact that {g(s)
converges if s is a complex number lying in some non-empty right half-plane,
and defines there an analytic function of s. A familiar example is where G is
the infinite cyclic group, in which case (¢ is the Riemann zeta function ((s). Of
course, the sequence — a,, = 1 for all n — encoded by ((s) does not in itself seem
very challenging. However, if instead of Z we consider the ring of integers o in
an algebraic number field & and let a,, denote the number of ideals of index (i.e.
norm) n in o, the resulting Dirichlet series is then the Dedekind zeta function
(r; over a century of algebraic and analytic number theory has shown how the
analysis of ( reveals deep properties of the number field .

The number-theoretic zeta functions have many excellent properties, such
as an Euler product, analytic continuation, functional equations. It would be
too much to expect all of these to obtain if we start from an essentially non-
commutative object like a finitely generated (non-abelian) group. However, for
certain kinds of group the associated zeta functions turn out to have some
remarkable properties: for example, if G is nilpotent then (s does have an
Fuler product. This is not so surprising; more remarkably, the ‘local factor’ at
a prime p is a rational function in the parameter p—* (recall that the p-local
factor of the Riemann zeta function is 1/(1 — p~*)). We can then seek more
detailed information about these rational functions: are they all the same (as
in Riemann’s case)? What other properties do they have? It turns out that the
Dedekind zeta functions are not quite an adequate model: more relevant are the
Hasse—Weil zeta functions associated to algebraic varieties.

Various zeta functions of this general nature can be associated to various
kinds of groups and rings. Chapter IIT introduces some of these, and presents
methods used for analysing them. The non-commutative nature of the input
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means that, in all but the simplest cases, the explicit calculation of the functions
is very hard. Many remarkable results have nonetheless been achieved. Among
the most remarkable is the widespread occurrence of so-called ‘local functional
equations’. This was quite unexpected, remaining for a long time no more than
a collection of experimental observations. It reveals deep hidden arithmetical
symmetries in apparently innocuous algebraic structures (partly related to —
though not a simple consequence of — the Weil conjectures).

Chapter IIT is perhaps the most technically demanding part of the book: it
serves as an introduction to a rich field of research that is only beginning to
reveal its mysteries. Less technical — and less up-to-date — discussions of these
topics can be found in Chapter 9 of [NH] and Chapters 15 and 16 of [SG].

References for Chapter

[APG] J.D. Dixon, M. P.F. du Sautoy, A. Mann and D. Segal, Analytic
pro-p groups, 2nd edn, Cambridge University Press, 1999.
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Chapter I

An introduction to compact
p-adic Lie groups
by Benjamin Klopsch

1 Introduction

The theory of Lie groups is highly developed and of relevance in many parts
of contemporary mathematics and theoretical physics. Loosely speaking, a Lie
group is a group with the additional structure of a real differentiable manifold,
given by local coordinate systems, such that the group operations are smooth
functions.

Historically, the study of Lie groups, over the real and complex numbers,
arose toward the end of the 19th century, from the analysis of continuous sym-
metries of differential equations by the mathematician Sophus Lie and others.
Around the middle of the 20th century, mathematicians such as Armand Borel
and Claude Chevalley found that many of the foundational results concerning
Lie groups could be developed completely algebraically, giving rise to the theory
of algebraic groups defined over arbitrary fields. This insight opened the way for
entirely new directions of investigation. Much of the theory of p-adic Lie groups
was developed in the 1960s by mathematicians such as Nicolas Bourbaki, Michel
Lazard and Jean-Pierre Serre. Since then the study of p-adic Lie groups and ana-
logues of Lie groups over adele rings has largely been motivated by questions
from number theory, e.g. regarding automorphic forms and Galois representa-
tions. More recently, p-adic Lie groups have also become a key tool in infinite
group theory.

Throughout, let p be a prime. The real numbers R form a completion of
the rational numbers Q. Similarly, the field of p-adic numbers Q, is obtained
by completing @Q, albeit with respect to a different, non-archimedean notion of
distance. One can define analytic functions over @, and p-adic manifolds, just
as over R. A p-adic Lie group, or p-adic analytic group, is a Lie group whose
local coordinate systems are p-adic valued rather than real valued. Given such
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8 Chapter I. Compact p-adic Lie groups

a group, the usual apparatus of Lie theory is available; but one needs to keep
in mind that the underlying geometry is rather different, i.e. non-archimedean.

Based on [6, Historical Note, VII], we give some indication of the early
history of p-adic Lie theory. The first p-adic Lie groups were encountered by
Kurt Hensel at the beginning of the 20th century. He was interested in the
local isomorphisms between the additive and the multiplicative groups of Q,,
via the exponential and logarithm maps. More general commutative p-adic Lie
groups appeared in the works of André Weil and Elisabeth Lutz on elliptic
curves in the 1930s. Subsequent investigations of abelian varieties by Claude
Chabauty suggested that the local theory of Lie groups could be applied with
little change to the p-adic setting. In 1942, this was made explicit by Robert
Hooke, a student of Chevalley; see [19]. Until the beginning of the 1960s, p-adic
Lie theory continued to be of interest mainly to arithmeticians and algebraic
geometers.

The crucial turning point came in 1962, when Jean-Pierre Serre was prompted
by a question of John Tate to consider the cohomology of a closed subgroup of
the p-adic Lie group GL2(Z,). His work led him to propose to Michel Lazard
a general programme of comparing the cohomology of p-adic Lie groups to the
cohomology of associated Lie algebras.! In addition to his cohomological results,
Lazard’s great achievement in [39] was to show that the class of p-adic Lie groups
admits a fairly straightforward group-theoretic characterisation, thereby solving
the p-adic analogue of Hilbert’s fifth problem.

The upshot of Lazard’s characterisation and its later interpretation in terms
of powerful groups and groups of finite rank, as described in [10], is that one can
study and utilise compact p-adic Lie groups without ever imposing any analytic
machinery. Instead, one can construct internally, by group-theoretic means, the
key features and invariants of such groups, e.g. their dimensions as Lie groups.
This truly algebraic nature of p-adic Lie groups explains to a certain degree
their continuing relevance and usefulness in infinite group theory throughout
the last three decades; e.g. see [10] and the references given therein.

It is very natural to ask to what extent this success story also translates
to groups which are analytic over local fields of positive characteristic or, more
generally, pro-p domains of higher Krull dimension. Here our understanding is
still much less complete; cf. [10, Ch. 13] and [25].

Aims and scope

The aim of the present notes is to provide an accessible introduction to compact
p-adic Lie groups from a group-theoretic point of view. We also discuss the
relation between p-adic analytic pro-p groups, other classes of profinite groups
and abstract groups. The text is based on a series of five lectures delivered during
a short course for graduate students at the University of Oxford in 2007. I have
tried to preserve the basic structure and informal style of the original lectures,
while adding slightly more detail and appropriate references in places. The series

I'We are grateful to Prof. Serre for providing this historical information.



1. Introduction 9

of exercises which I include are essentially the ones given during the course, and
one of their key purposes is to explore topics which branch off from the main
thread of narration. Readers of these notes who are subsequently interested
in a more detailed account of the theory of p-adic analytic pro-p groups will
naturally turn to the book [10], by Dixon, du Sautoy, Mann and Segal, and the
other books listed as main references below.

Content and organisation

The notes are organised as follows.

Section 2 provides a short account of prerequisites from group theory, algebra
and number theory. The main topics discussed are: nilpotent groups, finite
p-groups, Lie rings, Lie methods in group theory, absolute values, p-adic numbers
and integers. The section ends with a preview of what p-adic analytic groups
are. The short Section 3 provides a summary of basic notions and facts from
point-set topology. Section 4 contains the first series of exercises.

Section 5 introduces powerful finite p-groups and profinite groups (as Galois
groups, inverse limits, profinite completions and topological groups). It goes on
to describe pro-p groups, powerful pro-p groups and pro-p groups of finite rank.
The latter are precisely the pro-p groups which admit the structure of a p-adic
analytic group. The second series of exercises is collected in Section 6.

Section 7 describes uniformly powerful pro-p groups and the powerful Z,-Lie
lattices associated to them. Both directions, the limit process which yields a Lie
lattice from a Lie group and the transition from a Lie lattice to a Lie group via
the Hausdorff formula are explained.

Section 8 starts with a concrete example, the group GL4(Z,,) and its princi-
pal congruence subgroups. It then moves on to discuss just-infinite pro-p groups,
saturable pro-p groups and the Lie correspondence between subgroups of sat-
urable pro-p groups and Lie sublattices of the associated Z,-Lie lattice. The
third and last series of exercises is collected in Section 9.

Section 10 provides a taste of current research on complex irreducible repre-
sentations of compact p-adic Lie groups. It introduces the Kirillov orbit method
and illustrates its use in the study of representation zeta functions.
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more advanced topics.
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E. 1. Khukhro, p-automorphisms of finite p-groups, Cambridge University
Press, 1998.



10 Chapter I. Compact p-adic Lie groups

G. Klaas, C.R. Leedham-Green and W. Plesken, Linear pro-p-groups of
finite width, Springer Verlag, 1997.

C.R. Leedham-Green and S. McKay, The structure of groups of prime
power order, Oxford University Press, 2002.

J.S. Wilson, Profinite groups, Oxford University Press, 1998.

The original source for much of the theory of p-adic analytic groups is Lazard’s
seminal paper ‘Groupes analytiques p-adiques’, Inst. Hautes Etudes Scientifiques,
Publ. Math. 26, 389-603 (1965).

Throughout the text I have aimed to give reasonably complete, but not
exhaustive references to the literature. A guiding principal for my choices has
been to select economically a mixture of classical and modern references which
are suitable for a newcomer to the subject. More complete references can be
found in the books listed above. Each section of the present notes, except for
the short Section 3, ends with a few selected suggestions for further reading.
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several of the main references listed above, in particular the first book. I also
included key results from selected research articles and preprints. Originality I
can claim, in a limited sense, with regard to the overall exposition. I am grateful
to Dan Segal, Christopher Voll and the anonymous referees for their comments
on earlier versions of this text. Given the informal style of the notes I made
a fair, but perhaps not entirely systematical effort to attribute results to their
respective authors; I apologise for any shortcomings of this light approach.

2 From finite p-groups to compact p-adic Lie
groups

In this section, we provide a short account of various basic concepts from group
theory and number theory, and we introduce some key notation. After discussing
finite p-groups, Lie methods and p-adic integers, we state a hands-on version of
Lazard’s characterisation of compact p-adic Lie groups.

A useful, general reference for the group-theoretic notions and facts, appear-
ing in this section, is Robinson’s introductory text [51].

2.1 Nilpotent groups

Let G be a group and let z,y € G. The conjugate of = by y is ¥ = y lxy.

Conjugation provides a natural action of G on itself; indeed, it induces a homo-
morphism from G into its automorphism group Aut(G). The kernel of this
homomorphism, which constitutes a normal subgroup of G, is called the centre
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of G and denoted by Z(G). The upper central series of G is the ascending series
of normal subgroups

1=70(G) < Z:1(G) < ..., where Zi11(G)/ Zi(G) = Z(G/ Zi(G)).

By and large, we will be interested in filtrations of a group G which start at
the top, such as the lower central series which we describe next. The commutator
of x with y is [x,y] = v~ 12¥ = 271y lay. The subgroup generated by all
commutators is called the commutator subgroup of G and denoted by [G,G].
This notation is easily adapted to a more general situation: if H, K < G, then we
write [H, K] to denote the subgroup of G which is generated by all commutators
[h,k] with h € H and k € K. The group [G,G] can be characterised as the
smallest normal subgroup of GG such that the corresponding quotient is abelian.
The lower central series of G is the descending series of normal subgroups

G=7(G) >%(G)>..., where v;+1(G) = [v:(G),G].

A basic property of this sequence is that [v;(G),v;(G)] C 7i+;(G) for all 4,5 € N.

The group G is said to be nilpotent if its lower central series terminates in
the trivial group 1 after finitely many steps; in this case, the nilpotency class
of G is the smallest non-negative integer ¢ such that v.41(G) = 1. It can be
shown that for any group G and for any natural number ¢ the lower central
series of G terminates in 1 after ¢ steps if and only if the upper central series of
G terminates in G after ¢ steps; see [51, §5.1.9].

Nilpotent groups can be thought of as close relatives of abelian groups.
Nevertheless, the study of finite nilpotent groups can become exceedingly dif-
ficult from a purely group-theoretic point of view. In fact, a finite group is
nilpotent if and only if for each prime p it has a unique Sylow p-subgroup.
Equivalently, a finite group is nilpotent if and only if it decomposes as a direct
product of finite p-groups; see [51, §5.2.4]. Whereas finite abelian groups are
completely classified, the theory of finite p-groups remains an active area of
research with many open problems.

Of particular interest in finite group theory is the information that can be
gained about a group G from its Sylow p-subgroups — which, as indicated, are
nilpotent — and their normalisers. This direction, called local group theory, played
a critical role in the classification of finite simple groups. For instance, relating
the representation theory of a finite group G to the representation theory of the
normalisers of p-subgroups of G is currently an attractive field of research; a
lot of recent work is focused around the McKay conjecture and generalisations
thereof, e.g. see [46].

2.2 Finite p-groups

A p-group is a torsion group in which every element has p-power order. Accord-
ingly, finite p-groups are precisely the groups of p-power order. We implicitly
stated above that every finite p-group is nilpotent. This fact can easily be proved
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inductively from the following fundamental observation. Every non-trivial nor-
mal subgroup N of a finite p-group G intersects Z(G) non-trivially. In particular,
the centre of a non-trivial finite p-group is non-trivial. This observation can be
proved by analysing the possible orbit sizes in the action of G on N by conjuga-
tion; see Exercise 4.1. An interesting consequence is that every proper subgroup
of a finite p-group G is properly contained in its normaliser.

It is easy to see that the maximal subgroups of a finite p-group G are precisely
the subgroups of index p and hence normal in GG. The intersection of all maximal
subgroups of G is the Frattini subgroup, commonly denoted by ®(G). The factor
group G/®(G) constitutes the largest elementary abelian quotient of the finite
p-group G. In other words, the Frattini subgroup can be described as ®(G) =
G?[G, G], where GP denotes the subgroup generated by all pth powers in G.

The Frattini subgroup of a finite p-group G plays a useful role in the context
of generating sets. Let X C G. Then X generates G if and only if there is no
maximal subgroup of G containing X. This shows that X generates G if and
only if its image modulo ®(G) constitutes a generating set of G/®(G). Being
an elementary p-group, G/®(G) can be regarded as a finite-dimensional vector
space V' over the finite prime field Fj,. The set X is a minimal generating set of
G if and only if its image in V' forms a basis for V. Thus all minimal generating
sets of G have the same size, namely dimg, V.

Generating sets for finite groups which are not p-groups and not nilpotent are
more difficult to understand and can be of considerable combinatorial interest;
for instance, see [41] for sharp bounds on the diameters of finite simple groups.
‘Efficient’ presentations — for instance, for finite simple groups — are also of great
importance from a computational point of view.

2.3 Lie rings

Lie methods constitute an important tool in the study of groups. In particular,
this applies to p-groups and, more generally, pro-p groups. The basic idea is to
capture a large part of the group structure in a Lie ring.

We recall that a Lie ring is a Z-module L together with a bi-additive opera-
tion [, -] : L x L — L which is skew-symmetric and satisfies the Jacobi identity

[z,2] =0 and [[z,y], 2] + [y, 2], 2] + [[2,2],y] =0 for all z,y,z € L.

Let R be a commutative ring, the most common case being that R is a field. If L
has the additional structure of an R-module and if [-,-] is bilinear with respect
to scalar multiplication by elements of R, then L is called a Lie algebra over R.
If R is a principal ideal domain and L is a free R-module of finite rank, one
also uses the term Lie lattice. Standard examples of Lie algebras include matrix
algebras. Let d € N. Then the set gl;(R) of d x d matrices over R, regarded as
an R-module and endowed with the commutator bracket

[A,B]:= AB— BA for all A,B € gl (R)
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forms a Lie algebra over R. In fact, a theorem of Ado states that every finite-
dimensional Lie algebra over a field K of characteristic 0 is isomorphic to a Lie
subalgebra of gl;(K) for a suitable degree d; see [6, 1.87].

At first sight, Lie algebras perhaps appear to be more complicated objects
than groups. However, one should think of a Lie algebra essentially as a vector
space. The extra structure, given by the Lie bracket, can be regarded as a
simplified version of the group commutator. For instance, the group-theoretic
analogue of the Jacobi identity is the ‘baffling’” Hall-Witt identity

[T,y 20" [y, 2=, @) [[2, 27 1], y]" =1

which holds in any group; see [51, §5.1.5]. Many of the concepts we have intro-
duced for groups, such as nilpotency, can be defined mutatis mutandis in the
context of Lie rings. For instance, the centre of a Lie ring L is the Lie ideal
Z(L) ={x € L |Vy € L: [z,y] = 0}. We trust that the reader will make the
appropriate translations of this kind where necessary; e.g. see [29, Ch. 5].

2.4 Applying Lie methods to groups

Next we describe a comparatively simple recipe for associating a Lie ring to a
group G with respect to its lower central series. The procedure is particularly
useful if G is residually nilpotent, i.e. if (), 7i(G) = 1. Form the direct sum
L =@;°, L; of the abelian groups L; := v;(G)/7i4+1(G). Then commutation in
G induces a natural binary operation [-, -]ri on L: it is defined on homogeneous
elements z7v,11(G) € L; and yv;41(G) € L; by

[27i+1(G), yvj+1(G)Lie == [, y]Vitj+1(G) € Litj,

and can be uniquely extended to yield a bi-additive operation on L. As [y, z] =
[,y]~! for all z,y € G, this binary operation on L is skew-symmetric. Moreover,
the Hall-Witt identity can be used to show that [-,-]r;. satisfies the Jacobi
identity. Thus L = @;°, L; obtains the structure of a Lie ring. This Lie ring is
graded in the sense that [L;, L;] C L;4; for all indices 4, j. If all the homogeneous
components L; happen to have exponent p, we can regard L even as a Lie algebra
over . An example of this construction is described in Exercise 4.3.

A more sophisticated way of constructing a Lie ring from a group is based
on the so-called Hausdorff formula, which can be regarded as the centre piece of
Lie theory.? This formula will be discussed in more detail in Section 7.4. Stated
briefly, the Hausdorff formula gives an expression for the formal power series

(X, Y) = log(exp(X) - exp(Y)) € Q(X, YY)
in non-commuting indeterminates X, Y. Here
_ > _1\n—1yn _ o0 n |
log(1+ X) = anl( D" X" /n and  exp(X) = anoX /n!

20ften the Hausdorff formula is more decoratively referred to as the Baker-Campbell-
Hausdorff formula. We apply Bourbaki’s short terminology.
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denote the usual formal power series. The Hausdorff formula enables one to
translate between a Lie ring and a group via the logarithm and exponential
functions. Classical and important instances of this procedure are the corre-
spondences of Mal’cev and Lazard; see [29, Ch. 10]. These can be employed, in
particular, to study finitely generated torsion-free nilpotent groups and finite
p-groups of nilpotency class less than p. Without specifying further details at
this point, we formulate:

Theorem 2.1 (Lazard’s correspondence). The Hausdorff formula and its
inverse set up a correspondence between:

e finite p-groups of nilpotency class less than p and

e nilpotent Lie rings of class less than p whose additive group is a finite
p-group.

The correspondence preserves such invariants as the orders and the nilpotency
classes of the objects involved.

We give a simple illustration of Lazard’s correspondence by describing the
isomorphism classes of groups of order p? for odd primes p. Writing C,, to denote
a cyclic group of order n, there are (up to isomorphism) precisely three abelian
groups of order p3, namely

G1 = Cp X Cp X Cp, G2 = Cp2 X Cp, G3 = Cps.

We claim that in addition to these there are (up to isomorphism) precisely two
non-abelian groups of order p®. Since the nilpotency class of a group of order
p? is at most 2, by Lazard’s correspondence it suffices to show that there are
(up to isomorphism) precisely two nilpotent Lie rings of class 2 and order p?.
Clearly, the underlying additive group of such a Lie ring L cannot be cyclic.
Moreover, the commutator Lie subring [L, L] has to coincide with the centre
Z(L). From this one shows that each of the two non-cyclic abelian groups of
order p? supports essentially one nilpotent Lie ring structure. The two resulting
Lie rings and their corresponding groups can be realised in terms of matrices
over F,, and Z/ p2Z, respectively; see Exercise 4.2. Representatives for the two
isomorphism classes of non-abelian groups of order p* are also given by the
following group presentations

Gyi=(z,y,z |2l =yP =2P = 1,2 = [z,y],[2,2] = [2,y] = 1),
Gs = (z,y| e =P = 1,[z,y] = aP).

In ‘real life’, Lazard’s correspondence forms the starting point for the rather
more sophisticated enumeration of finite p-groups of higher order, p” say. In [48],
O’Brien and Vaughan-Lee show that for p > 5 the number of groups of order p”
is precisely 3p® + 12p* + 44p> + 170p? + 707p + 2455 + (4p? + 44p + 291) ged(p —
1,3) + (p? + 19p + 135) ged(p — 1,4) + (3p+ 31) ged(p — 1,5) + 4 ged(p — 1,7) +
5ged(p — 1,8) + ged(p — 1,9), if T copied everything correctly. In particular,
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this substantiates for £ = 7 Higman’s famous PORC conjecture, which states
that the precise number of groups of order p* is given by a polynomial in p,
depending on k and the residue class of p with respect to a suitable modulus
n(k); see [4, §21.1]. PORC stands for ‘polynomial on residue classes’.

Note that the graded Lie rings associated to G4 and G5 with respect to their
lower central series coincide. This illustrates that the first and simpler method,
which we presented above, incurs a loss of information. The Lie rings, which
can be associated via the Hausdorff formula to suitable pro-p groups, are Lie
lattices over the p-adic integers. It turns out that they do in fact determine the
pro-p groups completely; see Section 8.4.

2.5 Absolute values

The traditional way to describe the size of a rational number is through the
use of absolute values. An absolute value on a field K is a real-valued function
|| : K — [0,00), which is non-degenerate, multiplicative and satisfies the trian-
gle inequality; this means that for all z,y € K we have:

(1) |z| =0 if and only if z = 0,
(2) [zyl = lz| - lyl,
(3) [z +yl < 2]+ |yl

The absolute value is trivial if || = 1 for all 2 # 0. For our purposes, the
absolute value is said to be either non-archimedean or archimedean according
to whether or not it satisfies the ultrametric triangle inequality:

(3) |z +yl < max{|z[, [y[}.

The ordinary absolute value on R, which is given by |z|o = max{z,—z},
restricts to an archimedean absolute value on Q.

In addition, there is an infinite family of non-archimedean absolute values
on Q, one for each prime p. Each rational number z # 0 can be written uniquely
in the form

r=p"- %, where n,a,b € Z with b > 0, ged(a,b) =1, p t ab.

We put

vp(x) :=n and |z[p:=p ".
Setting v,(0) := oo and |0|, := 0, we obtain the p-adic absolute value |-|,, on Q.
Intuitively, = is p-adically small if it is divisible by a large power of p. The map
vp : Q — Z U {oo}, which captures the same information as |-|,, is called the
p-adic valuation on Q.
A theorem of Ostrowski states that, up to a suitable equivalence, the ordinary
absolute value and the p-adic absolute values exhaust all possible non-trivial
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absolute values on Q; see [16, §3.1]. They are linked by the curious adelic
formula

2] 0o H|x\p =1 forall z€Q,

p

which is intimately linked with the Fundamental Theorem of Arithmetic; see
Exercise 4.4.

2.6 p-adic numbers

The field R of real numbers can be regarded as the completion of Q with respect
to the metric doo(x,y) = |& — y|oo induced by the ordinary archimedean abso-
lute value. Formally, one can construct R by adjoining all the missing limits of
Cauchy sequences in Q with respect to d.. Every element o € R is the limit of a
Cauchy sequence, a = lim,, ., x,, with z,, € Q, and the absolute value extends
to R via |a|ee = lim,,—00|Tn|co. By a similar procedure, the ring operations,
addition and multiplication, extend from @ to R, and one obtains again a field
with an absolute value. In using the common decimal notation, we tend to think
of a real number « as the limit of a particular Cauchy sequence of the form

n
a= lim z,, z,=|a]+ E ap - 107F,

where |a| denotes the integral part of a and the ‘digits’ a; are taken from the
set {0,1,...,9}. We remark that base 10 is chosen by convention, not for any
intrinsic mathematical reason.

Similarly, we can form for each prime p the completion Q, of Q with respect
to the metric d,(z,y) = |z — y|, induced by the p-adic absolute value. In this
case, one has to adjoin all the missing limits of (equivalence classes of) Cauchy
sequences with respect to d,. Every element o € Q,, is the limit of a Cauchy
sequence, a = lim,,_, =, with z,, € Q, and the absolute value is extended to
Q, by setting |a|, = lim,, |2y |p. Similarly, one extends to @, the valuation
map v, and the ring operations, addition and multiplication. One then checks
that Q, is again a field with absolute value |-|,. The elements of @, are called
p-adic numbers. For details of this construction, we refer to [16, §3.2].

A convenient notation for explicit computations with p-adic numbers is the
following. Every a € Q, can be written uniquely as a series

o0
o= k= Y wrh

kEZ k=vp ()

where the coefficients aj, are taken from the set R, :={0,1,...,p— 1}, a, =0
for k < wvy(a), and a,, () # 0 if @ # 0. We remark that instead of R, we could
use any set of representatives for Z modulo pZ. Particularly useful are the so-
called Teichmiiller representatives consisting of 0 and the p— 1 th roots of unity;
see [16, §4.5].
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A central feature of the real numbers R is that the field operations are con-
tinuous with respect to (the topology underlying) the metric associated to the
absolute value |-|o. Section 3 contains a summary of basic notions in topology,
which we assume. As a topological space, R is Hausdorff, locally compact and
connected. Approximate computations in R can be performed by truncating the
decimal representations of the numbers involved and verifying that errors do not
pile up too much — the last bit can actually be quite tricky. Indeed, bounding
error terms is one of the main themes in analysis.

In a similar way, the p-adic absolute value induces a metric and hence a
topology on @Q,. It is an inherent feature of the completion process that the
field operations are continuous. As a topological space, Q) is Hausdorff, locally
compact and totally disconnected. In fact, if we regard R, as a finite discrete
space and endow [], ., R, with the product topology, then the coordinate map

Q= [ B =D a*= > awp’ ()

kEZ keZ k=vp ()

is a homeomorphism from @, onto the open subspace

{(ak)kez eI, Bl 3nvk<n:a= 0} .

Approximate computations in Q, can be performed by truncating the
standard representations of the numbers involved; the ultrametric triangle
inequality guarantees that errors will not accumulate as in classical analysis;
see Exercise 4.4.

A local field is a field K, equipped with a non-trivial, non-archimedean abso-
lute value, such that K is locally compact with respect to the induced topology.
If K is a finite extension of Q,, then the p-adic absolute value |-, extends
uniquely to an absolute value on K, and K becomes a local field. Conversely,
it can be shown that every local field of characteristic 0 arises in this manner;
cf. [58, 1.§3].

2.7 p-adic integers

Finally, we describe a most notable difference between the archimedean field
R and its counterparts, the non-archimedean p-adic fields Q,. The ultrametric
triangle inequality implies that the open compact set

Zy={aeQllal, <1} ={>" aw*lacR,]

forms a subring of Q. It is the topological closure of the ordinary integers Z in
Qy, and its elements are called p-adic integers.

The structure of the ring of p-adic integers is quite simple. A short compu-
tation reveals that its group of units is given by

Zi={aeQ]lal, =1} = {Zkzoakpk | ax € R, and aq # 0}.
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Moreover, the ideals of Z,, are principal and of the form p"Z, or {0}: they line
up neatly in a descending chain

Zp D pZy D p*ZLy D ... D {0}

The proper quotient rings of Z,, are the familiar finite rings Z,, /p"Z, = Z/p"Z.
In Section 5.3, we describe how Z,, can be regarded as an inverse limit of these
finite quotients. Intuitively, one should think of performing ring operations in
Z,, as follows: do the operations in the ring Z,, /p"Z,, then let n tend to infinity.

2.8 Preview: p-adic analytic pro-p groups

As yet we have not even defined what we mean by a pro-p group; the concept
will be introduced in Section 5.6. Nevertheless, skipping the theory that lies
in between, we can already formulate a precise and hands-on description of
the family of compact p-adic Lie groups and p-adic analytic pro-p groups, in
particular.

A topological group is a group G which is also a topological space such
that the group operations are continuous, i.e. such that the map G x G — G,
(g,h) — g~ 'h is continuous. Let d € N, and consider the group GL4(Z,) of all
invertible d x d matrices over the ring Z,, of p-adic integers. The set Mat,(Z,) of
all d x d matrices carries a natural p-adic topology, namely the product topology
induced from the p-adic topology on Z,,. Matrix multiplication is easily seen to be
continuous, and so is the process of forming the inverse of an invertible matrix.
Hence GL4(Zp), equipped with the subspace topology, becomes a topological
group. We can now state:

Theorem 2.2 (Lazard’s characterisation of compact p-adic Lie groups). A
compact topological group admits a p-adic analytic structure if and only if it is
isomorphic to a closed subgroup of GLq(Z,,) for a suitable degree d.

In fact, in his seminal paper [39] Lazard established a whole theory of
p-adic analytic groups with much wider consequences. One of his key results
is that the analytic structure of a p-adic analytic group is determined entirely
by its topological group structure. This can be regarded as a positive solution
to Hilbert’s fifth problem for p-adic Lie groups.

As we will see, GL4(Z,) is virtually a pro-p group. This means that GLq(Z,)
contains a subgroup of finite index which is a pro-p group. Theorem 2.2 implies
that every compact p-adic Lie group is virtually a pro-p group.

We conclude this section with a concrete reformulation of Theorem 2.2 which
applies more directly to pro-p groups. There is a natural ring homomorphism
from Z, onto the finite prime field F,. As Ly, = Zp\PZy, this induces a surjec-
tive group homomorphism 7 : GLg(Z,) — GLg(F,). The kernel of 7 is the
first congruence subgroup GLY(Z,) = {g € GL4(Z,) | ¢ = 1 (mod p)} of
GL4(Z,). The preimage under n of any Sylow p-subgroup of the finite group
GL4(F,) constitutes a Sylow pro-p subgroup of GL4(Z,); cf. Section 5.6 and
Exercise 6.4. One particular Sylow p-subgroup of GL4(F,) is the group of



3. Notions and facts from point-set topology 19

upper uni-triangular matrices; according to the Sylow theorems, all other Sylow
p-subgroups of GL4(F,) are conjugate to this one.

Corollary 2.3. A p-adic analytic pro-p group is a topological group which is
isomorphic to a closed subgroup of a Sylow pro-p subgroup of GL4(Z,) for a
suitable degree d.

Suggestions for further reading

Philip Hall’s Edmonton notes [17] form a classical text on nilpotent groups.
Introductory accounts of the theory of finite p-groups include [40], by Leedham-
Green and McKay, who cover the classification of finite p-groups by coclass,
and [29], by Khukhro, who considers automorphisms of finite p-groups. The
latter covers in detail Lie methods, in particular the Mal’cev and Lazard cor-
respondences. Lazard’s classical article [38] covers comprehensively the interre-
lations between groups and associated Lie rings. For a stimulating survey on
Lie methods in the group theory, see, for instance, Shalev’s chapter in [11]. For
topics related to Higman’s PORC conjecture, we refer to the accessible mono-
graph [4] by Blackburn, Neumann and Venkataraman. A readable introduction
to p-adic numbers, including many instructive exercises and a guide to more
advanced books, is given by Gouvéa in [16]. Neukirch’s concise chapter in [12]
on the p-adic numbers is also recommended.

3 Basic notions and facts from point-set
topology

Pro-p groups and, more generally, profinite groups form a particular class of
topological groups. To discuss their structure, we require basic notions and
facts from point-set topology. For the convenience of the reader, I have listed
the relevant prerequisites below. Suitable references for general topology are, for
instance, [5, 28, 59].

A topological space X = (X, 7) is a set X together with a topology, given by
a collection 7 of open subsets of X, satisfying: (i) X and & are open; (ii) the
union of any family of open sets is open; (iii) the intersection of any two open
sets is open. The complement in X of any open set is called a closed set. It is
convenient to use the notation A C, X (respectively A C. X) to indicate that
a subset A is open (respectively closed) in X. Every metric space (X,d) with
distance function d has an underlying topology: the open sets in this topology
are the unions of ‘open’ balls {y | d(x,y) < r}, where x € X and r € R. The
discrete topology on a set X is the topology in which every subset of X is open.

Let ¢ : X — Y be a map between topological spaces. The map ¢ is contin-
uous if the preimage of any open set is open, i.e. if Bp™! C, X for all B C, Y.
The map ¢ : X — Y is a homeomorphism if it is continuous, bijective and
admits a continuous inverse.
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Let X be a topological space. The subspace topology on a subset Y C X is
defined by declaring all intersections Y N A with A C, X to be open. This is
the smallest topology which renders the natural inclusion Y — X continuous.
The quotient topology on 'Y := X /~ with respect to an equivalence relation ~ is
defined by declaring a subset B C Y open if its preimage in X under the natural
projection is open. This is the smallest topology which renders the projection
X — Y continuous.

If X;, ¢ €1, is a family of topological spaces, then the product topology on
the Cartesian product X := J],.; X; is defined by declaring a subset of X open
if it is the union of basic open sets of the form Hiel U;, where U; = X; for
almost all ¢ € I and U; C, X for all ¢ € I. It is the smallest topology such that
all canonical projections X — X, ¢ € I, are continuous.

Let X be a topological space. The closure cl(A) of a subset A C X is the
intersection of all closed sets containing A; it constitutes the smallest closed
set containing A. A subset A C X is dense in X if its closure is equal to X.
Ifx € A C, X, then A is called an open neighbourhood of z. The space X is
Hausdorff if any two distinct points have disjoint open neighbourhoods. The
space X is compact if any covering X = |J{U; | i € I} of X by open subsets
U; Co X admits a finite subcovering X = | J{U; | i € J}, J C I with |J| < 00.”
Equivalently, X is compact if for any non-empty family C;, i € I, of closed
subsets of X having the finite intersection property

(){CilieJ}#@ forall JCIwithl<|J|<oo

one has {C; | i € I} # &. The continuous image of a compact space is compact.
A theorem of Tychonoff states that the product of any family of compact spaces
is compact.

The space X is locally compact if every point © € X has a local base of
compact neighbourhoods, i.e. if for every open neighbourhood U of x there
exist V' C, X and a compact subset C' C X such that x ¢ V C C C U. Every
compact Hausdorff space is locally compact; see Exercise 4.5.

The space X is connected if it cannot be partitioned into two proper open
subsets, i.e. if for all A C, X with X\ A C, X one has A = @ or A = X. Equiv-
alently, X is connected if every continuous map from X into the discrete space
{0, 1} is constant. The continuous image of a connected space is connected. The
maximal non-empty connected subsets of X are called connected components
of X. The connected components of X are closed and they partition X. The
space X is totally disconnected if all its connected components are one-point
sets. We note that the product of any family of totally disconnected spaces is
totally disconnected; cf. Exercise 4.5. A path from 2 to y in the space X is a con-
tinuous map ¢ from the unit interval [0, 1] into X with p(0) = = and ¢(1) = y.
The space X is path-connected if any two points of X can be joined by a path.
Every path-connected space is connected.

3The original notion ‘kompakt’ due to Hausdorff — and also adopted by Bourbaki — is
reserved for spaces which are compact, in the given sense, and Hausdorff.
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4 First series of exercises

This first series of exercises is also intended to serve as a bridge toward topics
which will be covered in later sections. The reader is not necessarily expected
to solve all parts of all exercises at the first go.

Exercise 4.1 (Finite p-groups).

(a) Let N be a non-trivial normal subgroup of a non-trivial finite p-group G.
Show that Z(G) N N # 1. Conclude that Z(G) # 1 and that G is nilpotent.

(b) Prove that the nilpotency class of a group of order p™ is at most n — 1.
Construct a group of order p” and nilpotency class p—1 along the following lines.
Let V be a p-dimensional vector space over ), with basis eq,...,e,. Consider
the linear map o : V. — V, given by e = ;4 for i € {1,...,p — 1} and
e, = e1. Observe that the 1-dimensional subspace U of V', which is spanned by
€1+...+ep, is invariant under . Consider the semidirect product of V/U by ().
Remark: Groups of order p™ and nilpotency class n—1 are said to be of mazimal
class; they are also known as groups of coclass 1. The semidirect product of V'
by () is isomorphic to the wreath product C, Cp.

(c) Let n € N and write n = ng + nmip + ... + n,p" with 0 < n; < p for
i € {0,...,r}. Determine v,(n!), i.e. the exponent of the highest p-power divid-
ing n!, in terms of the numbers n,. (Hint: First describe vp,(n!) in terms of the
numbers |n/p'].)

The wreath product C,  H of the cyclic group C), with a finite permutation group
H of degree n is the semidirect product of the base group C) by H, with H
acting by coordinate permutations. The group Cp¢ H has a natural permutation
action of degree np. Let k € N and observe that the iterated wreath product
Wi, == Cpt(Cpl...20C,) of k cyclic groups of order p acts naturally on the finite
p-regular rooted tree of length k, depicted in Figure I.1 for p =3 and k = 2.

root

Figure I.1: The wreath product C31C3 = C3 x (C3 x C3 x C3) acts naturally on
the rooted 3-regular tree of length 2. In this action the root vertex is fixed, and the
action is recorded faithfully on the bottom layer of nine vertices. This describes an
embedding of C31 C3 into the symmetric group Sym(9).

By computing the order of Wy, prove that the Sylow p-subgroup of the sym-
metric group Sym(p”) is isomorphic to Wj,. Conclude that every finite p-group
of order at most p* embeds into Wj,.

Can you guess the structure of a Sylow p-subgroup of the symmetric group
Sym(n)?
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Exercise 4.2 (Groups and Lie rings of order p?).

(a) Determine up to isomorphism all groups of order p, p? and p.

(b) Determine up to isomorphism all Lie rings of order p and p?. Can you find
a Lie ring L of order p3 which is perfect, i.e. which satisfies L = [L, L]?

(c) Show that the groups G4 and G of order p?, which are defined in Section 2.4
by presentations, are isomorphic to the subgroups

~ Loa e = 1+pa b
Gi=4 |0 1 b|labeceF,}, G5:{< b )|a,bEZ/p2Z}
0 0 1 0 1

of GL3(F,) and GL2(Z/p*Z), respectively.

Remark: The group G4 is the finite Heisenberg group over the field F),.
(d) Show that the sets

_ 0 a c _ a b
Li=(0 0 b]|abeceF,}, Ly={(" | a,b € Z/p*Z
00 0 00

form nilpotent Lie subrings of class 2 in gl4(F,) and gl,(Z/p?Z), respectively.
(e) Let ¢ € {4,5}, and suppose that p > 2. Can you see how L; and G; are related
to one another via the truncated exponential function X + 1+ X + X2/2 and
the truncated logarithm function 14+ X — X — X2/2?

Set up a bijection ¢ : Ez — éz based on the truncated exponential function and
work out a Lie expression in z,y € L; for the element (2% - yw)#’fl.

Remark: This will constitute a first approximation to the Hausdorff formula; cf.
Section 7.4.

Exercise 4.3 (The lower central series of the Nottingham group).
The Nottingham group over F), is the group G of formal power series

[e o] .
a=t (1 + Zizla"’tl> =t+at’ +at® +... €t+t’F,[]
with composition given by substitution: the product of a,b € G is defined as

aob:=a(b(t)) =t + (a1 + b1)t* + (ag + 2a1by + by)t>+
((13 + 3a2b1 + alb% + 2@1[)2 + b3)t4 +...

(a) Convince yourself that every element of G has an inverse with respect to the
prescribed composition.

(b) Consider the elements e; :=t + t'*! € G, i € N. Verify that e} = ¢ + \'+!
modulo ¢2 for i € N and A € Z. Prove that e; oe; = e; oe; modulo ¢! and
deduce that [e;, e;] = ezjrﬁ modulo t*t7+2 for all 4,7 € N.

(c) Show that for every n € N the set G,, := {a € G |a =1t mod t"'} forms
a normal subgroup of index p"~! in G. Show that G,, = (en)Grpyq for n € N.
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(d) Let n € N, and put I, := G/G,,. Write e; for the image of e; in I';,. Show that
every element g € T, can be written uniquely in the form g = e}*e5? - -- ef‘li’ll
with exponents A; € {0,1,...,p —1}.

(e) Let n € N, and suppose that p > 2. Determine the commutator subgroup
[, T'y,] of T, and show that it coincides with the Frattini subgroup. Conclude
that e; and es form a minimal generating pair for T',,.

(f) Suppose that p > 2. Work out the lower central series for I',,1 1 and determine
the graded Lie ring associated to this group with respect to its lower central
series, as described in Section 2.4.

(g) Suppose that p > 2. Work out the lower central series of I', 1 ». Can you guess
the general pattern of the lower central series of I',, as n — 00?7 See whether
your guess is consistent with the following formula: for n > 3 the nilpotency
class of T, is equal to (n —2) — [(n — 3)/p].

Exercise 4.4 (Non-archimedean absolute values and p-adic numbers).

(a) Prove that the adelic formula stated in Section 2.5 holds.

(b) Compute the standard representation Y-, ar3* of —13 in the ring Zs of
3-adic integers. Show that 5 has a multiplicative inverse in the ring Zs, by
displaying the standard representation of such an element. Prove that 11 has no
square root in Zg, but convince yourself that 7 does by computing the first five
coefficients of the standard representation of a potential root.

Prove that 2 has no square root in Qs. Now suppose that p > 2. Convince
yourself that 2 has a square root in Q, if and only if it has one in Z,. Then show
that 2 has a square root in Z, if and only if 2 admits a square root modulo p.
(Hint: Look at the quotient Z,/pZ,, to see that the condition is necessary. Now
suppose that = € Z, satisfies 22 — 2 = 0 modulo p. Then 22 — 2 = pa for a
suitable a € Z,. Write & = x + py with y € Z, to be specified. Since 2z € Z;,
the congruence

p(2ry +a) = 2 + 2pry 4+ p*y? —2=3>—-2=0 (mod p?)

can be solved for y € Z,. Now continue inductively to find a Cauchy sequence
x,Z,...in Z, whose limit gives a precise square root of 2.)

Remark: This procedure is a particular instance of Hensel’s lemma; see [16,
§3.4].

(c) Let |-| be a non-archimedean absolute value on a field K. Prove that for
all z,y € K with |z| # |y| the ultrametric triangle inequality specialises to
|z + y| = max{]z], [y|}.

Suppose further that K is complete with respect to the metric d(x,y) = |z — y|
induced by the absolute value. Conclude that for any sequence (ap)neny in K
the series >~ , a,, converges in K if and only if |a,| — 0 for n — oco. For which
p does the harmonic series Y -~ , n~! converge in Q,?

(d) Suppose that p > 2. Given that v,(n!) < (n—1)/(p—1) for all n € N, show
that the exponential series exp(z) = > °°  x"/n! converges for all z € pZ,.
Deduce that the exponential series induces an isomorphism of topological groups
from the additive group pZ, onto the multiplicative group of one-units 1 + pZ,.
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Remark: Clearly, the additive groups pZ,, and Z,, are isomorphic. It can be shown
that the subgroup 1+ pZ, of the abelian group Z; admits a cyclic complement
so that Zy = 7, x Cp_1; see [16, §4.5].

(e) Show that the additive group Zs and the multiplicative group 1 + 2Zy are
not isomorphic. Can you mend the situation by considering a subgroup of finite
index in 1+ 2Zs and subsequently determine the structure of Z3?

Exercise 4.5 (Point-set topology and topological groups).

(a) Show that GLo(IR), with respect to the natural topology, is a locally com-
pact, Hausdorff topological group. Is this group connected? If not, how many
connected components does it have? (Hint: Think of determinants and canonical
forms of matrices.)

Show that GLg(Z) is a discrete subgroup of GLy(R). Can you give an example
of an infinite compact subgroup of GL2(R)? (Hint: Think of rotation matrices.)
Does GL3(R) admit any open compact subgroups?

(b) Let X,Y be topological spaces. Prove the following assertions from first
principles. (i) If X is Hausdorff, then every compact subset of X is closed. (ii) If
X is compact, then every closed subset of X is compact. (iii) If X is compact and
Y is Hausdorff, then every continuous bijection f : X — Y is a homeomorphism.
(iv) Every compact Hausdorff space is locally compact.

(c) Regard C), as a topological group, equipped with the discrete topology.
Convince yourself that C), is totally disconnected, compact and Hausdorff. Using
Tychonoff’s theorem and first principles, deduce that G := [], ., C} is a totally
disconnected, compact, Hausdorff topological group. Does G admit a finitely
generated dense subgroup?

Let V = @, Fper be a vector space over I, of countably infinite dimension.
Show that the underlying abelian group of the dual space V := Homg, (V,F,)
is isomorphic to G. What is the dimension of the F,-vector space V? Does G
admit a countably generated dense subgroup?

(d) Let G be a topological group. Prove the following assertions from first prin-
ciples. (i) For each g € G, the maps © — zg, z — gz and © — 29 are homeomor-
phisms of G. (ii) If H is a subgroup of G and H is closed (respectively open),
then every coset of H in G is closed (respectively open). (iii) Every open sub-
group of G is closed. (iv) If H is a subgroup of G, then its closure cl(H) is also
a subgroup of G. (v) If H is a subgroup of G and H contains a non-empty open
subset of G, then H is open in G. (vi) The group G is Hausdorff if and only if
{1} is a closed subset of G. (Hint: To see that the condition is sufficient consider
x,y € G with 271y # 1. In order to find disjoint open neighbourhoods of x and
y, look at a suitable open neighbourhood of (1,1) in G x G which is fully con-
tained in the preimage of G\{z !y} under the continuous map (g, h) — g~ 'h.)
(v) If N is a closed normal subgroup of G and G is Hausdorff, then G/N is
Hausdorff with respect to the quotient topology.

(e) Show that GL2(Q),), viewed as a topological group with respect to the natural
topology, is totally disconnected, locally compact and Hausdorff. Prove that
GL2(Z,) is an open compact subgroup of GL2(Q,).
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Is GL2(Z) a dense subgroup of GLo(Z,)? (Hint: Try to reduce a given matrix
to the identity matrix modulo p™ by elementary row and column operations.) If
not, determine the closure of GLa(Z) in GL2(Zp).

Suggestions for further reading

Exercise 4.1 relates to groups acting on spherically homogeneous trees; see
Grigorchuk’s chapter in [11] on branch groups. The book [40], by Leedham-
Green and McKay, contains a detailed account of finite p-groups of maximal
class and the classification of finite p-groups by coclass. Exercise 4.3 introduces
the Nottingham group; see Camina’s chapter in [11] for more information on
this remarkable group.

5 Powerful groups, profinite groups and pro-p
groups

5.1 Powerful finite p-groups

The theory of finite p-groups and, more generally, pro-p groups is very much
governed by the interplay between commutators and pth powers. In some sense
it is the right mixture of the two concepts that makes p-adic Lie groups work
the way they do. An important class of finite p-groups, defined in terms of this
interconnection, is the class of powerful finite p-groups, which was introduced
by Mann, and developed by him and Lubotzky in the 1980s; see [42, 43] and [10,
Ch. 2]. Another more classical class of finite p-groups, which is defined in terms
of commutators and pth powers, comprises the regular p-groups, introduced by
Hall in the 1930s. A finite p-group G is regular if for all x,y € G one has
(zy)? = 2Py? modulo o ((z,y))?; see [21, 3.§10].

Let G be a finite p-group. We recall from Section 2.2 that GP denotes the
subgroup generated by all pth powers in G. The group G is powerful if p is
odd and G/GP is abelian, or if p = 2 and G/G* is abelian. More generally, a
subgroup N < G is powerfully embedded in G if p is odd and [N,G] C NP, or
p=2and [N,G] C N4

Thus G is powerful if and only if it is powerfully embedded in itself; and if
N is powerfully embedded in G, then N < G and N is powerful. Recall that
®(G) denotes the Frattini subgroup of G. When p is odd, G is powerful if and
only if ®(G) = GP; for p = 2 the equation ®(G) = G? always holds. Clearly,
every abelian finite p-group is powerful, and one should think of ‘powerful” as a
generalisation of ‘abelian’.

Proposition 5.1. If G is a finite p-group and N is powerfully embedded in G,
then NP is powerfully embedded in G.

Sketch of proof for p > 2. Let G be a finite p-group and N < G with [N, G] C NP.
It suffices to show that [N?,G] C [N, G|P. Passing to the quotient G/[N,GJ?,
if necessary, we may assume that [N, G]? = 1. Since G is nilpotent, we have
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[K,G] < K for every non-trivial normal subgroup K < G. Hence we may further
assume that [[N?, G],G] = 1. This implies that [[N,G|,G] C [N?, G| C Z(G).
Let z € N and g € G. Then [[z, g],2'] € Z(G) for i € {0,...,p — 1}, and

f[[[w,glywi] = ﬁ[[ﬂﬂ,g],x]i = [z, g], 2]P@~ V72,

Since p is odd and [N, G]P = 1, this shows that

(2,9] = [o, gl [ g g
= [&.g) [z, g],2"7"] - [z, ] [[w, g], 2" 7%] -+ [, g]
= lo.g? []lle.g1. '
= [z, [, g} 170D = 1.
Hence [N?,G] = 1, as wanted. O

The lower p-series of a group G is the descending series
G=P(G) = P(G) = ..., where Pi1(G) = Pi(G)[Pi(G),G].

A basic property of this sequence is that [P;(G), P;(G)] C P;y;(G) for all 4, j € N.
Now suppose that G is a finite p-group. Then P»(G) = ®(G) and, more generally,
Pi11(G) D ©(P;(G)) for all 7. The lower p-series of a powerful finite p-group
behaves rather well.

Proposition 5.2. Let G = {ay,...,aq) be a powerful finite p-group. Writing
G; := P;(G) fori €N, the following assertions hold:

(1) Gy is powerfully embedded in G;

(2) Giyr = Pei1(Gi) = Gfk for each k € N, and in particular Gi11 = ®(G;);

—1 i—1

i—1 @
={a" |2zeG}={(d] ,....d} );

1

(3) G =GP

(4) the map x — 2P induces a homomorphism from G;/Giy1 onto Gt/
Giypy1 for each k € N.

Corollary 5.3. If G = (ay,...,aq) is a powerful finite p-group, then G decom-
poses as a product of its cyclic subgroups (a;), i.e. G = (a1) - - (aq).

Sketch of proof for p > 2. The assertions of the proposition and the corollary
are established by induction, based on Proposition 5.1; see [10, Theorem 2.7].
As examples we give the proofs of parts (1) and (4).

(1) Since G; = G is powerful, the group G; is powerfully embedded in G.
Suppose that i > 2. By induction, G;_; is powerfully embedded in G. Then
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G; = GY_|[Gi-1,G] = G¥_,, and Proposition 5.1 shows that G; is powerfully
embedded in G.

(4) Clearly, it suffices to consider the case k = 1. The argument above shows
that G; is powerful, G;11 = P2(G;) = GY and G412 = P3(G;). Changing nota-
tion, we may assume that ¢ = 1. Furthermore, passing from G to G/G3 we may
assume that G3 = 1 so that [G,G] C G2 C Z(G) and [G,G]? C G5 C G3 = 1.
As p is odd, we have for all z,y € G

(zy)P = 2PyP [z, y]—p(p—l)/2 = gPyP.
Thus the map 2 +— 2P induces a homomorphism from G/G5 onto Go/G5. [

For any group G, let d(G) denote the minimal cardinality of a generating
set for G. The rank of a finite group G is defined to be rk(G) := max{d(H) |
H < G}. If G is a finite p-group, then d(G) is simply the dimension of G/®(G)
as a vector space over [F),, but there is no comparable general description of the
more subtle invariant rk(G).

Theorem 5.4. Let G be a powerful finite p-group. Then tk(G) = d(G), in other
words d(H) < d(G) for all H < G.

Proof (by induction on |G|). Let H < G and put d := d(G). Write G; := P;(G)
for i € N, and put dy := d(G3). Proposition 5.2 shows that G5 is powerful, hence
by induction the group K := H N G4 satisfies d(K) < dy. Put e := d(HG2/G3)
so that e < d. Our aim is to find hqy,...,he € H and y1,...,yq— € K such that

HG2:<h17...7he>G2 and K:<h€,..‘,h€7y1,...,yd,e>.

This will imply H = (h1,...,he,y1,- .., Yd—e) and d(H) < d, as wanted.

According to Proposition 5.2, the map x +— P induces a homomorphism
m from G/Gy onto Go/G3. Both groups are elementary p-groups, so we may
regard them as vector spaces over IF,,. Basic linear algebra allows us to bound
the dimension of the image (HG2/G2)w over F,

dim((HG2/G2)w) = dim(HG2/G2) — dim(ker m N HG2/G2)
> dim(HG2/G3) — dim(ker )
= dim(HG2/G2) — (dim(G/G3) — dim(G2/G3))
=e—(d—ds)
=dy — (d—e).
Let h1,...,he € H such that HG2 = (h1,...,he)Ga. Observe that ®(K)
®(G2) = G3. Hence the subspace of K/®(K) spanned by the cosets of kY, ..., h

has dimension at least dim((HG2/G2)w) > da — (d — e). Since dim(K/P(K))
d(K) < dy, we find d — e elements y1,...,ys— € K such that

K=y . .. Ry, Ya—e) P(K) = (B}, ... )R Y1, Ya—e) -

N

o3
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The naive converse of the theorem is false, but a more complex statement is
true: every finite p-group admits a powerful normal subgroup of index bounded
by a function of rk(G).

Theorem 5.5. Let G be a non-trivial finite p-group of rank r := 1k(G), and
write A(r) := [logy(r)] if p is odd, \(r) := [logs(r)]+1 if p = 2. Then G admits
a powerful characteristic subgroup of index at most p™ (7).

This result, which is [10, Theorem 2.13], can be seen as an invitation into the
world of pro-p groups. Indeed, it can be translated to characterise pro-p groups
of finite rank as virtually powerful pro-p groups; see Section 5.7. Pro-p groups
are special kinds of profinite groups, and we shall not delay their introduction
any longer.

5.2 Profinite groups as Galois groups

The fundamental theorem of Galois theory sets up a correspondence between
the intermediate fields of a finite Galois extension L|K and the subgroups of the
associated Galois group G(L|K). In fact, it generalises to infinite Galois exten-
sions, with an interesting twist.

Consider a general Galois extension L|K, i.e. a separable splitting field L
for a (possibly infinite) family of polynomials over a ground field K. Then L is
the union L = (J{L; | ¢ € I} of its finite Galois subextensions L;|K. The set
{L; | i € I} is partially ordered by the inclusion relation. It has the property
that for all L;, L; there exists Lj, such that Ly O L; and Ly O Lj; just think in
terms of splitting fields. Writing ¢ = j whenever L; O L;, the last observation
can be stated as follows: for all 7,j € I there exists k € I such that k > i and
k=3j.

The Galois group G(L|K) is, of course, defined as the group of all auto-
morphisms of L which fix K elementwise. Every automorphism a € G(L|K)
is uniquely determined by its restrictions «|r,, ¢ € I, and the normality of
L|K and its subextensions L;|K guarantees that each of the restriction maps
¢i : G(L|K) — G(L;|K) is onto. Clearly, there is a certain compatibility condi-
tion that the restrictions of a to the various L; satisfy, namely (a|z,)|r;, = o[z,
whenever L; D L;. Writing ¢;; : G(L;|K) — G(L;|K) for the natural restric-
tion map whenever L; O L;, the compatibility condition can be rephrased as
@ipij = @j whenever ¢ = j. A similar condition in terms of the restrictions alone
can be stated as @;j@;r = @ix whenever 1 = j = k.

We are now ready to describe the Galois group G' := G(L|K). Writing
G;:=G(L;|K), the coordinate map

p:G— Hiel Gi, g (9¢i)ier
induces an isomorphism from G onto the group

Gy = {(gi)iel € Hie[ G | gipi; = g; whenever i = j} .
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But what happens to the Galois correspondence? It turns out that only certain
subgroups of G correspond to intermediate fields of L|K. To describe why this
is so and which subgroups play a role in the Galois correspondence we equip
G with the Krull topology. Regarding each of the finite Galois groups G; as a
discrete topological group, the product [[,.; G; naturally becomes a topological
group which is totally disconnected, compact and Hausdorff. The subgroup Gy is
easily seen to be closed, so its isomorphic twin G becomes a totally disconnected,
compact, Hausdorff topological group. We have seen how the structure of G is
determined by its finite images G;. In Section 5.3, we will formalise this process
to see that G is the inverse (or projective) limit of the inverse system (G;;;;)
of finite groups, and thus G becomes a profinite group.

If M is an intermediate field of the extension L|K, then the set G of all
g € G which fix M elementwise can be described in terms of the restrictions of
automorphisms to (the normal closures of) finite subextensions of M. Indeed,
GM can be written as the intersection of closed open subgroups of G and thus
forms a closed subgroup with respect to the Krull topology. As described in
detail in [60, Ch. 3], the Galois correspondence for finite Galois extensions then
readily generalises to yield:

Theorem 5.6 (Fundamental theorem of Galois theory). The Galois group G
of a (typically infinite) Galois extension L|K is a profinite group with respect to
the Krull topology. There is an inclusion-reversing correspondence between the
lattice of all closed subgroups of G and the lattice of all intermediate fields of
LIK.

It can be shown that every profinite group is isomorphic to the Galois group
of a suitable Galois extension. One of the fundamental problems in number
theory is to describe the finite extensions of a given local field K, such as Q.
This is equivalent to understanding the absolute Galois group G(K|K), where
K denotes the separable closure of K. Local class field theory provides a rather
explicit and very satisfying description of all abelian extensions, i.e. Galois ex-
tensions with abelian Galois groups: the lattice of abelian extensions of the local
field K has a precise reflection in the multiplicative group K* via the norm
residue symbol. In 1982 Jannsen and Wingberg gave a description of the full
Galois group G(K|K) of a local field of characteristic 0 in terms of generators
and relations; see [26]. A quite different and far-reaching approach is described
by the Langlands conjectures; cf. [8].

5.3 Profinite groups as inverse limits

The description of Galois groups in terms of their finite factors can be formalised
as follows. A directed set is a partially ordered set I = (I, <) such that for all
i,7 € I there exists k € I such that k > ¢ and k = j. An inverse system
(Gi; pij) of groups (or other mathematical structures such as sets, rings, topo-
logical spaces, etc.) over I consists of a family of groups (or sets, ...) G, i € I,
and homomorphisms (or maps, ...) ¢;; : G; — G; whenever i >~ j, satisfying
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the natural compatibility conditions
vii =1dg, and @@ = @i foralli,j kel withi> j> k.

The inverse limit of the inverse system (G;; p;;) is the group (or set, ...)

lim G; = {(gi)iej € HiGI Gi | giij = g; whenever i > j}

together with the natural coordinate maps ¢; : G — G;. It is the (unique)
solution to an appropriate universal problem; see Exercise 6.3. In the special,
but important case where I = N and =< is the ordinary order-relation <, we
can think of the inverse limit pictorially as the ‘limit object’ to a chain of
homomorphisms as indicated in Figure 1.2.

G:hmGz’\ === = _—- _
— ~ NS — —
\ ST T <
\ ~ ~ ~
N 2 B 2
A7 N «
...... Pit1,i Gi Pii—1 $pa3 G3 $32 G2 Y21 Gl

Figure 1.2: Pictorial description of the inverse limit G of an inverse system (G;; ¢i;)
of groups (or sets, ...) over the countable index set [ = N.

If the G; are finite groups, we give each of them the discrete topology, and
[I;c; Gi the product topology. Then lim G; with the induced topology becomes
a totally disconnected, compact, Hausdorff topological group. Such a group is
known as a profinite group, which is short for projective limit of finite groups.

Every finite group is a profinite group. As we have seen in the previous
subsection, natural examples of infinite profinite groups are given by Galois
groups. The simplest such is perhaps the absolute Galois group G(F,|F,) of a
finite field F,. From field theory we know that F, has precisely one extension
of any given finite degree and that all these extensions are Galois with cyclic
Galois group. The corresponding inverse system consists of the cyclic groups
G, 27Z/nZ,n € N, with ¢,,,, given by the natural projections Z/mZ — Z/nZ
whenever n | m. The inverse limit of this inverse system is the procyclic group
7 :=limZ/n’.

—

In fact, 7 can be regarded as a profinite ring, simply by going through the
same construction, considering each Z/nZ not simply as a group but as a ring. A
similar construction yields the ring Z, of p-adic integers. There is an interesting
connection between Z and the rings of p-adic integers: 7= Hp Z,, as topological
rings; see Exercise 6.1.

5.4 Profinite groups as profinite completions

An impressively fruitful theme in infinite group theory builds upon the following
unassuming question: how do the finite images of an infinite group reflect its
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structure? A group G is residually finite if the intersection of all its finite-index
subgroups is trivial. Residually finite groups are the groups whose structures
one can hope to understand in terms of finite images, and they form quite a
large class. For instance, every finitely generated linear group is residually finite,
a result that goes back to Mal’cev; see [44, Wind. 7 Prop. 8].

Let T be any group. It is convenient to use the notation H <; I' to indicate
that H is a subgroup of finite index in I'. Note that the finite quotients of T’
form a natural inverse system I'/N, N < I', with @y given by the natural
projection I'/M — T'/N whenever M C N. The inverse limit of this inverse
system is the profinite completion I= @F/N of T". There is a natural map
from the original group into its profinite completion, namely

9:T =T, g~ (gN)ngr-

If ' is residually finite, then ¥ is injective. Typically, I'J is strictly contained
in T', but it always forms a dense subgroup. The notation Z is no coincidence:
the procyclic group Z can be regarded as the profinite completion of the infinite

cyclic group.

5.5 Profinite groups as topological groups

Profinite groups are topological groups which are totally disconnected, compact
and Hausdorff. Indeed, it can be shown that the converse holds; see [54, 1.§1]
or [60, Cor. 1.2.4]. But for our purposes the following characterisation is per-
haps more useful: a profinite group is a compact Hausdorff topological group
G such that every open neighbourhood of the neutral element 1 contains an
open subgroup. This means that the open subsets of a profinite group G are
precisely those sets which can be written as unions of cosets gN of open normal
subgroups N <, G.

Profinite groups are typically quite large, i.e. uncountable, and therefore
rather unwieldy as abstract groups. But our interest is mainly focused on closed
subgroups. So group-theoretic notions and constructions should be employed
with a topological twist. Often it is agreed implicitly that this approach is being
taken.

For instance, let G be a profinite group and X C G. Then X is said to
generate G (topologically) if X generates a dense subgroup of G. Accordingly,
G is finitely generated (as a topological group) if it admits a finite (topological)
generating set. We denote by d(G) the minimal cardinality of a (topological)
generating set for G. In order to check whether a given subset X generates a
profinite group G, it suffices to show that X generates G modulo every open
normal subgroup N <, G; see Exercise 6.3. Thus one has d(G) = sup{d(G/N) |
N <, G}.

The Frattini subgroup ®(G) of a profinite group G is the intersection of all
maximal proper open subgroups of G. Since every open subgroup is closed, it
follows that ®(G) is a closed subgroup of G. Furthermore, one can show that
X C G generates G if and only if X generates G modulo ®(G).
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Every open subgroup of a profinite group G has finite index in G. A theorem
of Nikolov and Segal, relying on the classification of finite simple groups, states
that in a finitely generated profinite group G every finite-index subgroup is
open; see [47]. For pro-p groups, this is a result of Serre; see [54, 1.§4 Ex. 6] and
Exercise 6.5. So in the case of finitely generated profinite groups, the topology
is uniquely determined by the algebraic structure of the group.

5.6 Pro-p groups

A pro-p group is a topological group which is isomorphic to the inverse limit
of finite p-groups. Every group I' admits a pro-p completion f‘p, which is the
pro-p group arising from the inverse system of finite quotients I'/N where N
runs through all normal subgroups of p-power index in T.

Let G be a pro-p group. Then every closed subgroup of G is a pro-p group and
any quotient of G' by a closed normal subgroup is a pro-p group. In particular,
the index of any open subgroup of G is a power of p; see Exercise 6.5. The
Frattini subgroup of G is equal to the closure of the abstract Frattini subgroup,
ie. ®(G) = cl(G?[G, G]). In particular, one has d(G) = dimg, G/®(G).

The category of pro-p groups is quite large. Our main focus will be on the
class of pro-p groups of finite rank (which are the same as p-adic analytic pro-p
groups), but we give a variety of examples:

1) The additive group of p-adic integers Z, is the most basic infinite pro-p
i
group. It is an example of a procyclic group and plays a similar role to
the infinite cyclic group in abstract group theory; see Exercise 6.1.

(2) The Sylow theorems for finite groups carry over to profinite groups: every
pro-p subgroup of a profinite group G is contained in a maximal pro-p
subgroup, and any two maximal pro-p subgroups of GG are conjugate in G;
see Exercise 6.4. Maximal pro-p subgroups of G are called Sylow pro-p
subgroups.

(3) Matrix groups over Z, are virtually pro-p groups; see Exercise 6.2.
According to Lazard, they constitute the class of compact p-adic Lie
groups; cf. Theorem 2.2. Typical examples of p-adic analytic pro-p groups
are the Sylow pro-p subgroups of GL4(Z,,).

(4) Let d € N and F' a free group on d generators. Then the pro-p completion
F,, known as a free pro-p group, can be seen to be a free object (on d
generators) in the category of pro-p groups; see [60, Ch. 5].

(5) The Nottingham group over F,,, which was introduced in Exercise 4.3 is a
finitely generated pro-p group. It is virtually isomorphic to the automor-
phism group of a local field of characteristic p. The Nottingham group has
remarkable properties, e.g. it can be shown that every finitely generated
pro-p group embeds into it as a closed subgroup; see [11, Ch. 6].

Next we return our attention to the concept of powerful groups, which we
introduced in Section 5.1.
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5.7 Powerful pro-p groups

Let G be a pro-p group. The group G is powerful if p is odd and G/ cl(GP) is
abelian, or if p = 2 and G/ cl(G*) is abelian. Equivalently, the pro-p group G is
powerful if it is the inverse limit of powerful finite p-groups. More generally, a
subgroup N <. G is powerfully embedded in G if p is odd and [N, G] C cl(N?),
or p=2and [N,G] C cl(N*). Thus G is powerful if and only if G is powerfully
embedded in itself; and if N is powerfully embedded in G, then N <. G and N
is powerful.
The lower p-series of a topological group G is the descending series

G=P(G)>Py(G)>..., where Pui(G) = cl(P(G)P[B(G),G]).

A basic property of this sequence is that [P;(G), P;(G)] C P;4;(G) for all 4, j € N.
Proposition 5.2 easily translates into:

Proposition 5.7. Let G = cl{ay,...,aq) be a finitely generated powerful pro-p
group. Writing G; := P;(G) for i € N, the following assertions hold:

(1) G; is powerfully embedded in G;
(2) Gigr = Pui1(Gi) = Gfk for each k € N, and in particular Gi41 = ®(G;);
B) Gi=G""={a? " |zeGt=c(a ... )

(4) the map x — 2" induces a homomorphism from G;/Gii1 onto Giyr/
Giti+1 for each k € N.

Corollary 5.8. If G = {(ai,...,aq) is a powerful pro-p group, then G decom-
poses as a product of its procyclic subgroups cl{a;), i.e. G = cl{ay) - - - cl{aq).

The rank of a profinite group G is defined to be the invariant rk(G) :=
sup{d(H) | H <, G}. It can be shown that

rk(G) = sup{d(H) | H <c G} = sup{rk(G/N) | N <o G};
see Exercise 6.3. Theorems 5.4 and 5.5 translate readily into:

Theorem 5.9 (Characterisation of pro-p groups of finite rank). A pro-p group
has finite rank if and only if it is finitely generated and virtually powerful.
Moreover, if G is a finitely generated powerful pro-p group, then one has

k(G) = d(G).

The detailed proof of Theorem 5.5 also yields the following interesting ‘local’
description of pro-p groups of finite rank; cf. [10, Cor. 3.14].

Theorem 5.10. Let G be a pro-p group and r € N. If every open subgroup of
G contains an open normal subgroup N <, G with d(N) < r, then G has finite
rank.
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5.8 Pro-p groups of finite rank — summary of
characterisations

There is a variety of other characterisations of the class of pro-p groups of finite
rank. For instance, a pro-p group has finite rank if and only if it has polynomial
subgroup growth; see Exercise 6.6. Considerably deeper, but most interesting, is
the result that a pro-p group has finite rank if and only if it admits the structure
of a p-adic Lie group. By way of a short summary, we record a small version of
[10, Interlude Al:

Theorem 5.11 (Pro-p groups of finite rank — summary of characterisations).
Let G be a pro-p group. Then each of the following conditions is necessary and
sufficient for G to have finite rank:

(1) G is finitely generated and virtually powerful;

(2) there exists 1 € N such that every open subgroup of G contains an open
normal subgroup N <, G with d(N) < r;

(3) G has polynomial subgroup growth;
(4) G is isomorphic to a closed subgroup of GLy4(Z,) for suitable d € N;
(5) G is a p-adic Lie group.

We conclude this section by stating an intriguing problem which aims at yet
another interesting characterisation of pro-p groups of finite rank. A profinite
group G is said to be noetherian if it satisfies the ascending chain condition on
closed subgroups.! It is easily seen that a pro-p group G is noetherian if and
only if every closed subgroup of G is finitely generated. Consequently, every
pro-p group of finite rank is noetherian. In fact, if G is a pro-p group of finite
rank, then there is a uniform bound on the lengths of chains of closed subgroups
1=GoCG1 C...C G, =G with |G; : G;_1| = oo for all i € {1,...,n}. This
bound is given by the dimension of G; see Section 7.1.

The following rather natural problem, which was posed by Lubotzky and
Mann in [42, 43], has been open for more than 20 years.

Problem. Does every noetherian pro-p group have finite rank?

Suggestions for further reading

A detailed account of powerful p-groups is given in [10, Ch. 2], which includes
full proofs of the stated results, also for p = 2. As mentioned in the introduction,
the book [10] by Dixon, du Sautoy, Mann and Segal served as a close inspiration

4In point-set topology, it is customary to call a topological space noetherian if it satisfies
the ascending chain condition on open subsets, but this notion is of little use in the context of
profinite groups: a non-discrete profinite group never satisfies the ascending chain condition
on open subsets. This should be contrasted with the observation that every profinite group
satisfies trivially the ascending chain condition on open subgroups.



6. Second series of exercises 35

for large parts of these notes. Aspects of the theory of profinite groups, which
are somewhat complementary to the topics covered in [10], can be found in the
monograph [50], by Ribes and Zalesskii, and the book [60], by Wilson. In both
books, one finds detailed accounts of how profinite groups arise as Galois groups,
inverse limits, profinite completions and topological groups. Boston’s chapter in
[11] explains, from a group-theoretic point of view, the interactions between
the theory of p-adic Galois representations and the structure of pro-p Galois
groups; in particular, it contains a discussion of the important Fontaine-Mazur
conjecture. Higgin’s lecture notes [18] on topological groups put profinite groups
in a broader perspective. An accessible introduction to the theorem of Nikolov
and Segal mentioned in Section 5.5 is given in [53, Ch. 4], by Segal.

6 Second series of exercises

Exercise 6.1 (Procyclic groups and p-adic exponentiation).

(a) Recall that Z = limZ/nZ is the profinite completion of Z. Show that the
ring Zj, of p-adic integers is isomorphic to the pro-p completion of the ring Z.
(b) Show that the profinite ring Z decomposes as Z = I, Zy.

(¢) The profinite topology on Z is the topology whose open sets are the unions
of cosets a+bZ with a,b € Z and b # 0. Show that this agrees with the subspace
topology coming from the inclusion Z C Z. Note that every non-empty open
subset of Z is infinite. Deduce from the equation {1, —1} = Z\ |J{pZ | p prime}
that there are infinitely many primes.

(d) Let G be a pro-p group. Let g € G and A = Y77, axp® € Z,,. Write A, :=
ZZ:o app® to denote the partial sums, and show that the limit lim,_ .o g™
exists. Denote this limit by ¢*, the Ath power of g.

Let g,h € G and A, p € Z,,. Convince yourself that p-adic exponentiation satis-
fies the common rules g*T# = g*g# and g™ = (g*)*. Find a sufficient condition
under which the equation (gh)* = ¢g*h> holds.

(e) Let G be a pro-p group and g € G. Prove that p-adic exponentiation provides
a surjective homomorphism Z, — cl(g), A — g*.

Remark: A profinite group which is (topologically) generated by one element is
called a procyclic group.

(f) Prove that a procyclic pro-p group is either finite and cyclic or isomorphic
to Zj,. Show more generally that a finitely generated abelian pro-p group G is
isomorphic to ZZ x F for some d € Ny and a finite abelian p-group F. (Hint:
Regard G as a finitely generated Z,-module.)

Exercise 6.2 (Explicit examples of pro-p groups).

(a) Let d € N. Prove that GL4(Z,) is virtually a pro-p group. Can you guess
a candidate for an open powerful pro-p subgroup of GL4(Z,)? (Hint: Consider
the first congruence subgroup GLY(Z,) = {g € GL4(Z,) | g =1 (mod p)}.)

(b) The Heisenberg group over Z, is the group of upper uni-triangular 3 x 3
matrices over Z,. Work out the lower p-series of this group. Is it a powerful
pro-p group? If not, is it of finite rank?
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(c) Suppose that p > 2. Consider the Nottingham group G over F,, which was
introduced in Exercise 4.3. Convince yourself that G is a topological group with
respect to the subspace topology, inherited from F,[¢]. Show that G is a two-
generated pro-p group. Is it powerful? If not, is it of finite rank? (Hint: Consider
the abelianisations of its natural congruence subgroups G, :={a € G |a=+t
mod t"F1}.)

(d) Construct surjective homomorphisms from C}, ! Cpns+1 onto €2 Cpyn for all
n € N. (Hint: Realise C,1 Cpn as the semidirect product of F,,[X]/(X?" —1) by
(x) = Cpn, with z acting as multiplication by X. Then convince yourself that
there is a natural projection IF‘I,[X]/(Xpn+1 — 1) — F,[X]/(X?" —1).) Set up
a corresponding inverse system and take the inverse limit. The resulting group
is the pro-p wreath product C, 2 Z,. Show that this group is two-generated but
has infinite rank.

Remark: In a loose sense, C)p, 2 Z,, can be regarded as the smallest pro-p group
which is not p-adic analytic; cf. [56].

Exercise 6.3 (Profinite groups: generating sets, universal property, rank).

(a) Let G be a profinite group and X C G. Show that the closure of X satisfies
c(X) = N{XN | N 4, G}. Deduce that X generates G if and only if X
generates G modulo every open normal subgroup N <, G.

(b) Prove that every open subgroup of a finitely generated profinite group is
finitely generated. (Hint: Use the corresponding result for abstract groups;
namely, every finite-index subgroup of a finitely generated group is finitely
generated.)

(c) Let (Gi; ¢i;) be an inverse system of groups based on a directed set I. Let
G = @Gi, and let ¢; : G — G; denote the ith coordinate map. Show that
(G; ;) is characterised by the following universal property: given a group H
and homomorphisms ¥; : H — G, i € I, such that ¥;p;; = ¥; whenever i = j,
there is a unique homomorphism 9 : H — G such that ¥; = Y, for all i € I.
(Hint: Start by drawing a corresponding diagram.)

(d) Convince yourself that every profinite group G is isomorphic to the inverse
limit lim G/N of its (continuous) finite quotients G/N, N <, G.

(e) Let G be a profinite group. Prove that rk(G) = sup{d(H) | H <, G} =
sup{rtk(G/N) | N <, G}. For N <. G, show that max{rk(N),rtk(G/N)} <
tk(G) < rk(N) + rk(G/N). Deduce that, if G has an open subgroup of finite
rank, then G itself has finite rank.

Exercise 6.4 (Profinite groups: Sylow theory and finite images).

(a) Deduce from Tychonoff’s theorem the following set-theoretical principle
which frequently allows one to deduce properties of a profinite group from prop-
erties of its finite quotients: the inverse limit lim X; of an inverse system of
non-empty finite sets X;, ¢ € I, is non-empty. (Hint: Enforce the compatibility
conditions in finite portions.)

(b) Let G be a profinite group. A Sylow pro-p subgroup of G is a maximal
pro-p subgroup. Deduce from the Sylow theorems for finite groups that (i) every
pro-p subgroup of G is contained in a Sylow pro-p subgroup and that (ii) any
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two Sylow pro-p subgroups of G are conjugate. (Hint: Use part (a) and take
advantage of the fact that a profinite group is a pro-p group if and only if all its
open subgroups have p-power index; see Exercise 6.5.)

(¢) Prove that two finitely generated profinite groups are isomorphic if and
only if they have the same class of finite groups as their finite (continuous)
homomorphic images. (Hint: Set up a suitable inverse system of isomorphisms
between finite (continuous) quotients of the two groups and use part (a).)
Give an example of two non-isomorphic pro-p groups which have the same class
of finite groups as their finite (continuous) homomorphic images.

(d) Let I' be a group and denote by G := lm I'/N its profinite completion.
Write 9 : T' — G for the natural homomorphism g — (gN)y. Show that ¥
induces an isomorphism I'/N — G/ cl(N9) for each N <; I'. Prove that every
open subgroup of G is of the form cl(H®) where H <¢T.

Let T' and A be finitely generated groups. Deduce from part (c¢) that their
profinite completions I' and A are isomorphic if and only if I' and A have the
same class of finite groups as their finite homomorphic images.

Exercise 6.5 (Abstract finite-index subgroups of pro-p groups).

(a) Give an example of a pro-p group admitting finite-index subgroups which
are not open. (Hint: Your group cannot be finitely generated.)

(b) Let G be a pro-p group and H <, G. Show that |G : H| is a power of p.
(Hint: If G = lim G;, think of G as subgroup of [1G: and use that basic open
subgroups of this latter group have p-power index.)

(¢) Let G be a pro-p group and H <y G. Show that |G : H|is a power of p. (Hint:
Replacing H by its core in G, you may assume that H is normal in G. Write
|G : H| = m = p"q with p1{ ¢, and put X := {¢g™ | g € G}. Note that X C H
and that X is closed. Let g € G. Show that g?" € XN for every N <, G. From
X ={XN | N <, G} conclude that g*" € X. Deduce that |G : H| = p".)

(d) Let G be a finitely generated pro-p group. Prove that the abstract com-
mutator subgroup [G,G] is closed, using the following fact about (abstract)
nilpotent groups: if I' = (a1, ..., aq) is a nilpotent group, then every element of
[[',T] is equal to a product of the form [r1,a1]- - [z4,aq] with z1,...,24 € T.
(Hint: Suppose that G = cl{ay,...,aq) and consider X := {[g1,a1] - [ga,ad] |
91s---,94 € G}. Show that X is closed and that X = [G, G] modulo any open
normal subgroup of G. Conclude that [G,G] = X is closed.)

(e) Let G be a finitely generated pro-p group. According to part (d), the abstract
commutator subgroup [G,G] is closed. Observe that the abstract Frattini sub-
group GP|G, G| can be written as {¢” | ¢ € G}[G,G] and hence show that
GP[G, ] is closed. Deduce that GP[G, G] = ®(G).

(f) Let G be a finitely generated pro-p group and H <y G. Prove that H is open
in G. (Hint: It is enough to prove the statement for normal subgroups. Arguing
by induction on |G : H|, suppose that H is properly contained in G. Since
|G : H| is a p-power, M := H®(G) = HGP|G, G] is a proper open subgroup of
the group G. Note that M is finitely generated and apply induction to find that
H is open in M.)
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Exercise 6.6 (Pro-p groups with polynomial subgroup growth).

Let G be a finitely generated pro-p group, and for every n € Ny let o, denote
the number of open subgroups of index at most p™ in G. The group G is said
to have polynomial subgroup growth (PSG) if there exist ¢,a € R such that
o, < cp™® for all n € Ny.

(a) Show that o, is finite for every n € N.

(b) Show that, if G has finite rank, then G has PSG. The remaining parts of
the exercise are concerned with proving the converse.

(c) Let r € N, and suppose that N <, G is maximal with the property d(N) > r.
Show that N is equal to the centraliser of N/®(N) in G. (Hint: Write C' :=
Cg(N/®(N)) <, G and assume for a contradiction that N G C. Choose an
element N of order p in C/N NZ(G/N) and put M := ()N <, G. Deduce
that d(M) > d(N), in contradiction to N G M.)

(d) Let V be a vector space of dimension d over F,,. Show that every p-subgroup
G of GL(V) admits a chain of normal subgroups

G=G12G32...2G\a) 2Gray+1 =1

of length A(d) := [logy(d)] such that the quotients G;/Git1 of successive terms
are elementary abelian. (Hint: It suffices to prove that a Sylow p-subgroup of
GL(V) has a chain of normal subgroups of length A(d) such that the quotients
of successive terms are elementary abelian. All Sylow p-subgroups of GL(V') are
isomorphic to the group of upper uni-triangular matrices of degree d over F,,.)
Show also that V contains at least p(?=)*/% subspaces of codimension |d/2].
(e) Let 7 € N, and let N <, G be maximal with the property d := d(N) > r.
Show that |G : N| < pr=DMD) where A(d) := [logy(d)]. (Hint: By part (c),
G/N acts faithfully by conjugation on N/®(N) = Fg. Note that every normal
subgroup of G/N can be generated by r — 1 elements and use part (d).)

(f) Suppose that G has PSG and let ¢, @ € R such that o, < ¢p™® for all n € Ny.
Show that there is a finite upper bound for the numbers d(N) as N ranges over
all open normal subgroups of G. (Hint: Let r € N, and suppose that N <, G is
maximal with the property d := d(/N) > r. By considering suitable subgroups
of N/®(N) derive from parts (d) and (e) that G contains at least pld=1%/4 open
subgroups of index at most p("~DAA+L4/2] Use the fact that G has PSG to
show that d, and hence 7, is bounded above in terms of ¢ and «.)

(g) Deduce from (f) and Theorem 5.10: if G has PSG, then G has finite rank.

Suggestions for further reading

For all exercises, one can consult [10]. As mentioned in Section 5.5, Exercise 6.5
is based on an exercise in Serre’s classical text [54]. Exercise 6.6 touches upon the
subject of subgroup growth, which is comprehensively treated in the monograph
[44], by Lubotzky and Segal, and also discussed in Chapter I1I, by Voll.
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7 Uniformly powerful pro-p groups and Z,-Lie
lattices

7.1 Uniformly powerful pro-p groups

A finitely generated torsion-free powerful pro-p group is called a uniformly pow-
erful pro-p group, or simply a uniform pro-p group for short. This concept and
terminology is motivated by the following two results; see [10, Ch. 4].

Theorem 7.1 (Structure of finitely generated powerful pro-p groups). Let G be
a finitely generated powerful pro-p group. Then the elements of finite order in G
form a characteristic subgroup T of G. Moreover, T is a powerful finite p-group
and G/T is a uniform pro-p group. In particular, G is virtually uniform.

Proposition 7.2 (Properties of uniform pro-p groups). Let G be a finitely
generated powerful pro-p group. Then the following are equivalent:

(1) G is uniform;

(2) for every i € N, the map x — aP induces an isomorphism from P;(G)/
Pii1(G) onto Piy1(G)/Piy2(G);

(3) d(H) = d(G) for every powerful open subgroup H of G.

Let G be a pro-p group of finite rank. Then G contains an open uniform
subgroup U. According to Proposition 7.2, the minimal number of generators
for U does not depend on the particular choice of U and thus provides a useful
invariant of G: the dimension of G is defined as dim(G) := d(U). One can show
that for all N <. G one has

dim(G) = dim(N) + dim(G/N).

The algebraically defined dimension of G is, in fact, the same as the dimension
of G regarded as a p-adic Lie group; see [10, Theorem 8.36]. A first indication
that G carries the structure of a p-adic analytic manifold is given by:

Proposition 7.3 (Multiplicative coordinate systems). Let U be a uniform pro-p
group and d = d(U). Then every minimal generating set {a1,...,aq} for U yields
a homeomorphism

ZZ—>U, ()\1,...,)\d)>—>ai‘1---a3d.

This proposition can easily be proved from Proposition 7.2 and Corollary 5.8;
see [10, Theorem 4.9]. The algebraic properties of the multiplicative coordinate
systems are, however, not so good. We therefore set out to describe uniform
pro-p groups in terms of more useful coordinate systems.
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7.2 Associated additive structure

1

Let G be a uniform pro-p group of dimension d, and write G,, := P,(G) = G
for the terms of the lower p-series of G. Our aim is to define on G the structure of
an abelian group isomorphic to Zg. The new addition is to be defined canonically
in terms of the original group multiplication and such that the two compositions
agree on all abelian subgroups of G.

We take our inspiration from the formal identity

exp(X +Y) = lim (exp(X/n)exp(Y/n))",

known as the Lie product formula, which holds in the completed free associative
algebra Q((X,Y)) and can be traced back to the beginnings of Lie theory; cf.
Exercise 9.1. Proposition 7.2 can be used to show that every element z € G411
admits a unique p"th root in G, which we shall denote by z? . Moreover, the
groups G, admit larger and larger abelian quotients G, /G2, as n — oo. These
crucial observations allow us to define the sum of z,y € G as
z+y:= lim (z? y? )P "
n—oo

Essentially, we superimpose the groups G,, by mapping them onto the
reference set (G, and notice that their composition maps become more and
more alike as n — oo. Careful, but elementary considerations, cf. [10, §4.3],
lead to:

Theorem 7.4 (Associated additive structure). Let G be a uniform pro-p group
of dimension d, and let {ai,...,aq} be a minimal generating set for G. Then
the following hold:

(1) G with the operation + constitutes a free Zp-module on the basis
{ay,...,aq};

(2) the operation + agrees with the original multiplication on all abelian
subgroups of G;

(3) the terms of the lower p-series with respect to + are the same as the ones
for the original multiplication.

In particular, this theorem implies:

e the neutral element of G with respect to + equals the multiplicative iden-
tity element 1;

e inverses with respect to + are the same as multiplicative inverses;

e p-adic exponentiation translates into scalar multiplication, i.e. 2% = Az
for all z € G and A € Z,,.
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A particularly useful consequence of the theorem is:

Corollary 7.5. Let G be a uniform pro-p group of dimension d. Then the action
of Aut(G) on G is Zy-linear with respect to the Z,-module structure on (G,+).
Moreover, Aut(G) embeds into GL4(Z,,) as a closed subgroup.

The corollary implies in particular that the automorphism group of a pro-p
group of finite rank is virtually again a pro-p group of finite rank. Another
immediate consequence is that every pro-p group G of finite rank which contains
an open uniform subgroup U with Z(U) = 1 is linear over Z,. In fact, this is a
special instance of Lazard’s characterisation of p-adic analytic groups as linear
groups over Z,, stated in Theorem 2.2.

7.3 Associated Lie structure

Let G be a uniform pro-p group, and write G,, := P,(G) = GP" " for the terms
of the lower p-series of G. Since all free Z,-modules of a given dimension are
isomorphic, the procedure of passing from the uniform pro-p group G to the
associated Z,-module (G,+) inevitably involves a certain loss of information.
More information can be saved by defining yet another operation, namely a
Lie bracket. The new operation is to be defined canonically in terms of group
commutators.
Again, we take our inspiration from a formal identity, namely

exp(XY —YX) = nan;O (exp(X/n) " exp(Y/n) " exp(X/n) exp(Y/n))n2

which holds in the completed free associative algebra Q((X, Y)) and is intimately
linked with Lie theory. Accordingly, we define the Lie bracket of z,y € G as
n —2n

[xvy}Lie = lim [xp"’yp ]p
n—oo

The individual terms make sense as [Gr, Gp] C Ga,, but, of course, one needs
to check that the sequence converges. Careful, but elementary considerations,
cf. [10, §4.5], lead to:

Theorem 7.6 (Associated Lie structure). Let G be a uniform pro-p group.
With the operation [-,|Lie the Z,-module (G,+) becomes a Z,-Lie lattice.

In the following, we denote the Z,-Lie lattice associated to G by L(G). The
next proposition assures us that the assignment of a Lie lattice to a uniform pro-p
group is well behaved with respect to the passage to subgroups or quotients.

Proposition 7.7. Let G be a uniform pro-p group. Let H <. G be a uniform
subgroup, and let N <. G such that G/N is uniform. Then N is uniform and:

(1) L(H) constitutes a Lie sublattice of L(G);

(2) L(N) constitutes a Lie ideal of L(G), the sets G/N and L(G)/L(N)
are equal and the natural epimorphism G — G/N of groups induces an
epimorphism L(G) — L(G/N) of Z,-Lie lattices with kernel L(N).
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Unlike the Z,-module (G,+), the Z,-Lie lattice L(G) actually captures all
the information in the uniform pro-p group G. Indeed, our next task is to
describe how the group multiplication can be recovered from the Lie bracket.

7.4 The Hausdorff formula

As mentioned in Section 2.4, the Hausdorff formula gives an expression for the
formal power series

(X, Y) := log(exp(X) - exp(Y)) € Q(X,Y)

in non-commuting indeterminates X,Y’; e.g. see [6, I1.§6] or [10, §6.5]. In order
to state the precise formula, we first note that the associative algebra Q{(X,Y))
admits in [A4, B] := AB — BA a natural Lie bracket. Expressing exp and log
as power series, one can effectively eliminate the associative multiplication by a
careful analysis and express ®(X,Y) completely in terms of Lie commutators:
P(X,Y)=>"", u,(X,Y) is the infinite sum of homogeneous terms u,(X,Y)
where

I D
un(X,Y) = 0 ' '[a1X7b1 Y, . e, X, Y]
=l et S0 st mn - ay!by! - an!by!
ai+b; >0,
3 (aitbi)=n

With [0, X0, Vs oo ova,, X Y]=[X,...,X,Y,...,Y,....X,...,X,Y,...,Y] and
———— —— ———— ——

ai by Am b
all commutators being left-normed. A computation of the first three homoge-

neous terms u;(X,Y’) shows that

a(x,v) = x+y+ XY VY IOV AT,
2 12

As it stands, the Hausdorff formula is an identity in formal power series.
Let us explain its meaning as such. Consider the completed free associative
algebra A := Q((z1,...,24)) in d non-commuting indeterminates. Write M :=
(z1,...,24) for the maximal ideal of A. It is easily seen that the exponential
map and the logarithm map set up mutually inverse bijections between the sets
M and 1+ M. For d = 1, they even provide isomorphisms between the additive
group M and the multiplicative group 1+ M. But for d > 2 the groups M and
1+ M are clearly not isomorphic: M is abelian, whereas 1 + M is not. The
situation can be saved by equipping M with the commutator Lie bracket: the
Hausdorff formula shows that the multiplicative group 1+ M can be described
entirely in terms of the Lie algebra M.

We want to use the Hausdorfl formula to recover a uniform pro-p group
G from the associated Z,-Lie lattice L(G). Naturally, this situation is more
complicated. For instance, the question of convergence has to be considered
more seriously.
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7.5 Applying the Hausdorff formula

A Z,-Lie lattice L is powerful if p is odd and [L,L] C pL, or if p = 2 and
[L,L] C 4L. It is easily seen that the Lie lattice L(G) associated to a uniform
pro-p group is powerful. It is also worth noting that for any Z,-Lie lattice
L the sublattice pL (respectively 4L) is powerful if p is odd (respectively
p=2).

Let L be a powerful Z,-Lie lattice and let z,y € L. A suitable analysis of the
p-adic valuations of the rational coefficients which appear in the homogeneous
components u,(X,Y) of the Hausdorfl formula shows that u,(z,y) € L for all
n € N. Moreover, the sequence u,(z,y) — 0 as n — oo. Consequently, the limit
O(z,y) := > 07 up(z,y) exists in L. The formal properties of the logarithm
and exponential series imply:

Theorem 7.8. If L is a powerful Z,-Lie lattice, then the Hausdorff formula
induces a group structure on L, with multiplication given by vy = ®(x,y). The
resulting group is a uniform pro-p group.

Exercise 9.1 illustrates that some care is required in applying formal iden-
tities. We refer to [10, §9.4] for details. One can check that, if the construction
is applied to the Lie lattice L(G) associated to a uniform pro-p group G, one
recovers the original group G. The assignment G — L(G) thus defines an equiva-
lence between the category of uniform pro-p groups and the category of powerful
Z,-Lie lattices.

This equivalence in turn induces a functor from the category of pro-p groups
of finite rank (which is equal to the category of p-adic analytic pro-p groups)
to the category of finite-dimensional Q,-Lie algebras, taking G to L(G) :=
Qp ®z, L(U) where U is any open uniform subgroup of G. Likewise, the image
under the functor of a homomorphism between two pro-p groups of finite rank
only depends on its restriction to an open uniform subgroup.

Suggestions for further reading

The key reference for uniformly powerful pro-p groups and their relation to
powerful Z,-Lie lattices is the book [10], by Dixon, du Sautoy, Mann and
Segal. The theory of Lie groups over non-archimedean local fields was originally
developed by Bourbaki, Lazard and Serre; e.g. see [6, 55]. Lazard’s seminal paper
[39], which describes how the group-theoretic properties of a pro-p group reflect
its status as a p-adic analytic group, continues to be a valuable inspiration.
Reutenauer’s book [49] on free Lie algebras may be of interest, for instance,
in connection with the the Hausdorff formula. There are many fine books on
real Lie groups, including modern introductions such as [36], by Kosmann-
Schwarzbach, and [52], by Rossmann. The classical text [9], by Chevalley, is
also highly recommended.



44 Chapter I. Compact p-adic Lie groups

8 The group GL4(Z,), just-infinite pro-p groups
and the Lie correspondence for saturable
pro-p groups

8.1 The group GL4(Z,) — an example

Let d € N. In order to illustrate the abstract concepts introduced in Section 7,
we discuss in some detail the group GL4(Z,). Clearly, GL4(Z,) can be regarded
as a topological group with respect to the p-adic topology, i.e. with respect to
the subspace topology induced from the natural topology on the space Matq(Z,)
of all d x d matrices over Z,. The principal congruence subgroups

Gi = GLY(Z,) :={g € GL4(Z,) | g=1 (mod p*)}, i€ Ny,

provide a natural filtration of GL4(Z,,). For each i € Ny, the ith principal con-
gruence subgroup G; is equal to the kernel of the natural projection GL4(Z,) —
GL4(Z/p'Z) and hence forms an open normal subgroup of GL4(Z,). Note that
a matrix z € Maty(Z,) is invertible if and only if it is invertible modulo p. This
yields yet another description of the principal congruence subgroups: one has
Go = GL4(Z,,) and G; = 1+ p* Maty(Z,,) for each i > 1. In particular, it follows
that

Go : G| = |GLq(Fp)| = (" — D)(p —p) -+~ (" = p™71),
|Gy : G :pdz(ifl) for i > 1.

Moreover, the groups G; form a base of open neighbourhoods for the identity
matrix in Matg(Z,) and thus determine completely the topology on GL4(Zp):
every open neighbourhood of 1 in GL4(Z,) contains one of the open normal
subgroups G;. It follows that GL4(Z,) is profinite and that G is a pro-p group.
Put e:=0if pisodd, e :=1if p =2; and set G := G1..

Proposition 8.1. The group G = GL}["E(ZP) is a uniform pro-p group and
dim(G) = rk(G) = d(G) = d*. Moreover, the lower p-series of G coincides with
the natural congruence filtration, i.e. P;(G) = Giy. = GLY(Z,) for all i € N.

Sketch of proof for p > 2. As p is odd, we have G = 1. An easy computation
shows that every quotient G; /G, of successive terms of the congruence filtra-
tion Gj, i € N, constitutes an elementary p-group of rank d?, which is central in
G/Git1. Thus P;(G) C G, for all i € N. Below we show that Gy = {z” | z € G}.
This implies that P>(G) = G2 = GP, hence G is powerful. Next we conclude
from Proposition 5.7 that P;(G)/P,1+1(G) is an elementary p-group of rank at
most d? for every i > 2. In view of the inclusions P;(G) C Gy, it follows that
P;(G) = G, for all i € N and that G is uniform of dimension dim(G) = d?, as
wanted.

It remains to prove that every element of G5 is a pth power of an element of
the group G. In other words, given A € Maty(Z,) we are to solve

(1+pX)P =1+p%A with X € Matgy(Z,).
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We construct a solution X by means of successive approximations X; € Matq(Z,)
modulo p?, i € N, similarly as in Exercise 4.4. These approximations X; will form
a convergent sequence whose limit X will be an exact solution. Some care has
to be taken, because matrix multiplication in general is not commutative. But
we will construct each X; so that it commutes with the given matrix A.

Set X; := X3 := X3 := A and note that (1 + pA)? = 1 + p?A modulo p>.
Now let ¢ > 4 and suppose, inductively, that we have found a matrix X; 1,
commuting with A, such that (1 +pX,;_1)? = 1 4+ p>A modulo p’~!. Then

(1+pX; )P =1+p*A+p'E for some E € Matq(Zy).

Observe that £ commutes with A and X;_;. Put X; := X;_; —p' 3E. Then X;
commutes with A, and a short computation shows that, modulo p’, one has

(14+pXi)? = (1+pX;o1 —p' ?E)P
= (1+pXi 1) —p(1+pX; )P 'p'°E
=1+p*A+p 'E—p''E
=1 +p2A.

O

According to Section 7, there is a natural Z,-Lie lattice L(G) associated
to the uniform pro-p group G. Consider the Z, Lle lattice gl (Z,) of all d x d
matrices over Z,, subject to the commutator Lle bracket. Similarly as the group
GL4(Z,), the Lie lattice gl;(Z,) admits a natural congruence filtration

914(Zy) := {z € 914(Z,) |2 =0 (mod p')} = p'gly(Zy), i€ No.
Put g := gl}™(Z,). Clearly, g is a powerful Z,-Lie lattice.

Proposition 8.2. The Z,-Lie lattice L(G) associated to the uniform pro-p
group G = GLY™(Z,) is zsomorphzc tog=glit(2,).

Sketch of proof for p > 2. The correspondence between G = GL;(ZP) and g =
g[lli(Zp) admits an explicit interpretation through the logarithm and the expo-
nential map. For instance, one can check directly that the Lie bracket obtained
in the construction of L(G) is the same as the one of g, if one passes from one
Lie lattice to the other by means of the logarithm and the exponential map.
Concretely, one may proceed as follows. A natural Z,-basis for g is given
by the p-multiples of the d? elementary matrices, i.e. by the matrices with one
entry equal to p and all remaining entries equal to 0. One can explicitly compute
the images of these basis elements in G under the exponential map. For any two
basis elements a,b € g, one can then verify that exp(ab — ba) is the same as the
value which results from the corresponding limit formula, with input = := exp(a)
and y := exp(b), provided in Section 7.3. O
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8.2 Just-infinite pro-p groups

A profinite group is just-infinite if it is infinite but admits no proper infinite quo-
tients. It is easily seen that every just-infinite pro-p group is finitely generated
and that every infinite finitely generated pro-p group has a just-infinite homo-
morphic image; see Exercise 9.4. Just-infinite pro-p groups play a similar role in
the theory of pro-p groups as finite simple groups in the theory of finite groups.
Many of the better-known just-infinite pro-p groups are groups of Lie type,
defined over Z,, or over the pro-p ring F,[t] of formal power series with coeffi-
cients in F),. In addition, there are several interesting ‘exceptional’ examples of
just-infinite pro-p groups, such as the Nottingham group; see Exercise 9.4. As yet
no convincing proposal has been put forward for classifying just-infinite pro-p
groups. In fact, one can construct uncountably many pairwise non-isomorphic
just-infinite pro-p groups; see [32, Ch. XIII]. So a first step would be to give a
precise and sensible meaning to the word ‘classification’ in the given context.

Best understood among the just-infinite pro-p groups are the p-adic analytic
ones. Every soluble just-infinite pro-p group is virtually abelian and hence
p-adic analytic. Indeed, the soluble just-infinite pro-p groups are irreducible
p-adic space groups, and they can be investigated by the methods developed to
study pro-p groups of finite coclass. The non-soluble p-adic analytic just-infinite
pro-p groups can be realised as open subgroups of the groups Ggq, of Q,-rational
points of certain semisimple algebraic groups defined over the field Q. It is this
description which makes them accessible in a rather explicit way; see [32].

Indeed, the non-soluble p-adic analytic just-infinite pro-p groups can natu-
rally be partitioned into commensurability classes, where two profinite groups
are commensurable if they have isomorphic open subgroups. One can then show
that within each commensurability class of non-soluble p-adic analytic just-
infinite pro-p groups there is (up to isomorphism) a unique mazimal represen-
tative G which has the property that every just-infinite pro-p group which is
commensurable to G embeds as an open subgroup into G.

The maximal group G which is commensurable to a given non-soluble p-adic
analytic just-infinite pro-p group H can be constructed as follows. To H one
associates via an open uniform subgroup U <, H the Q,-Lie algebra L(H) =
Qp ®z, L(U). This Lie algebra turns out to be the direct sum of p° copies of
a simple Q,-Lie algebra for a suitable e € Ny, with e = 0 corresponding to
the most interesting case. The automorphism group of the Lie algebra L(H)
can be regarded as an algebraic group G defined over Q,. We remark that
the classification of simple Q,-Lie algebras and simple algebraic groups over
Q, can be used to obtain an overview of the groups that occur. Since H is
non-soluble and just-infinite, it acts faithfully on L(H) and thus embeds into
the group Ggq, of Q,-rational points. Being a pro-p group, H is contained in
a Sylow pro-p subgroup G of Ggq,. A suitable Sylow theorem implies that all
Sylow pro-p subgroups of Ggq, are conjugate. From this one shows that G is a
maximal just-infinite pro-p group within the commensurability class of H.

It can be shown that a non-soluble p-adic analytic just-infinite pro-p group
is never isomorphic to a proper subgroup of itself; cf. [32, Ch. III]. In contrast
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to this, the known just-infinite pro-p groups which are not p-adic analytic do
admit proper subgroups which are isomorphic to the original groups. This leads
to the interesting:

Problem. Suppose that G is a just-infinite pro-p group which is not isomorphic
to any of its proper closed subgroups H <. G. Does it follow that G is p-adic
analytic?

8.3 Potent filtrations and saturable pro-p groups

In his seminal paper [39], entitled Groupes analytiques p-adiques, Lazard devel-
ops the theory of p-adic Lie groups from a class of groups which he calls ‘groupes
p-saturables’. These saturable pro-p groups include uniform pro-p groups, but
form a strictly larger class; see [35]. From a group-theoretic perspective sat-
urable pro-p groups are, however, not as comfortable to work with as uniform
pro-p groups. Intuitively, a pro-p group G is saturable if we can associate to
it a Z,-Lie lattice L(G) via the limit process described in Section 7. Gonzalez-
Sanchez has developed a useful description of saturable pro-p groups in terms
of potent filtrations; see [13].

Let G be a pro-p group, and let N be a closed normal subgroup of G. A
potent filtration of N in G is a descending series N;, ¢ € N, of closed normal
subgroups of G such that (i) Ny = N, (ii) (\{N; | i € N} = 1, (iii) [N;, G] € Ni41
and [Nj,,—1 G] € N/, for all i € N. We say that N is PF-embedded in G if
there exists a potent filtration of N in G. The group G is a PF-group if G is
PF-embedded in itself.

To ease notation, group-theoretic constructs within topological groups will
from now on be implicitly geared toward closed subgroups. For instance, if H, K
are closed subgroups of a topological group G, we interpret [H, K] as the closed
subgroup generated by all commutators [h, k| with h € H and k € K.

Some basic properties of PF-embedded subgroups, which are listed in the
next lemma, follow essentially from the Hall-Petrescu collection formula. This
formula states that for elements x,y of any group G and n € N one has

G).. ()

"yt = (zy)tes? et e en ey for suitable ¢; € v;(G), i € {2,...,n};
see 21, I11.§9.4].

Lemma 8.3 (Properties of PF-embedded subgroups). Let G be a pro-p group,
and let N, M be PF-embedded subgroups of G. Then:

(1) NM, N? and [N, G] are PF-embedded in G for all k € N;
(2) [N?,G] =[N, GJP;
(3) NP ={a2P |x € N};
(4)

4) if G is torsion-free and xP € NP, then x € N; moreover, if x,y € N such

that P = yP, then © = y.
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Gonzélez-Sénchez’ characterisation of saturable pro-p groups in [13] is:

Theorem 8.4 (Saturable pro-p groups as PF-groups). Let G be a torsion-
free finitely generated pro-p group. Then G is saturable if and only if G — or
equivalently G/®(G)P — is a PF-group.

In particular, if v,(G) € ®(G)P, then G is saturable.

It is not difficult to check that every uniform pro-p group G satisfies 7, (G) C
®(G)P. Hence uniform pro-p groups are saturable. In fact, if G is a torsion-free
finitely generated pro-p group satisfying v,(G) € ®(G)?, then the lower p-series
of GG provides a potent filtration; see Exercise 9.5.

8.4 Lie correspondence

One difficulty in working with uniform pro-p groups is that the property of
being powerful is not coherently inherited by subgroups; see Exercise 9.2. For
instance, this causes problems if one tries to set up a Lie correspondence between
subgroups of a uniform pro-p group and Lie sublattices of the corresponding
Z,-Lie lattice. The situation improves substantially if instead one works with
saturable pro-p groups. Using Theorem 8.4, Gonzdlez-Sanchez and Klopsch
proved, in [15]:

Theorem 8.5. Fvery torsion-free p-adic analytic pro-p group of dimension less
than p is saturable. On the other hand, there exists a torsion-free p-adic analytic
pro-p group of dimension p which is not saturable.

This allows one to study torsion-free p-adic analytic pro-p groups of
dimension less than p by means of Z,-Lie lattices, similarly as finite p-groups
of nilpotency class less than p can be investigated based on the Lazard cor-
respondence. The technique is particularly useful if one starts from a globally
defined arithmetic group, such as SL4(Z), and considers pro-p subgroups of its
completions at primes p, such as Sylow pro-p subgroups of SLg(Z,). For fixed d,
for almost all p, these local groups are torsion-free and saturable. In addition,
Gonzélez-Sanchez and Klopsch proved:

Proposition 8.6. Let G be a saturable pro-p group, and let H <. G such that
dim(H) < p. Then H s saturable and hence corresponds to a Lie sublattice
L(H) of L(G).

This proposition gives a conceptually satisfying approach to setting up a
Lie correspondence for subgroups of a saturable pro-p group; see [15]. A similar
correspondence in the context of uniform pro-p groups was originally discovered
and proved in [23], by Ilani, via ad-hoc arguments.

Theorem 8.7 (Lie correspondence). Let G be a saturable pro-p group and let
L(G) be the associated saturable Z,-Lie lattice. Suppose that K,H C. G are
closed subsets of G, and denote them by L(K), L(H) when regarded as subsets

of L(G).



9. Third series of exercises 49

(1) Suppose that H is a subgroup of G and that dim(z,y)c,p, < p for all
x,y € H. Then L(H) is a Lie sublattice of L(G). Moreover, if K is a
normal subgroup of H, then L(K) is a Lie ideal of L(H).

(2) Suppose that L(H) is a Lie sublattice of L(G) and that dim{z,y)rie < p
for all x,y € L(H). Then H is a subgroup of G. Moreover, if L(K) is a
Lie ideal of L(H), then K is a normal subgroup of H.

Theorem 8.7 has natural applications, for instance to the subject of sub-
group growth; cf. [44]. Indeed, it forms the basis for studying the subgroup zeta
functions of p-adic analytic pro-p groups, such as GL}i(Zp), via their associated
Lie lattices. It remains a challenging problem to describe the subgroup growth
of the analytic pro-p groups GL;(ZI,L d € N. At least for p > d? this problem
‘reduces’ to understanding the sublattice growth of the Z,-Lie lattice g[}l(Zp).

Suggestions for further reading

The group GL4(Z,) is also treated as an example in [10, Ch. 5], by Dixon,
du Sautoy, Mann and Segal. For more on just-infinite pro-p groups, we refer to
[32], by Klaas, Leedham-Green and Plesken, and Wilson’s chapter in [11] on just-
infinite abstract and profinite groups. The former contains a detailed study of
p-adic analytic just-infinite pro-p groups. As for saturable pro-p groups and the
Lie correspondence, we refer to Lazard’s paper [39] and the papers [35, 13, 15]
already referred to in the main text. Additional, ‘functorial’ accounts of p-adic
Lie theory are given in [10, Ch. 9], as well as in [6, II1.§3-4], by Bourbaki, and
[55, Part II], by Serre. It is interesting to compare the results in the p-adic
setting with the Lie theory for real Lie groups; e.g. see [52, Ch. 2]. For subgroup
zeta functions of groups, we refer to Chapter III, by Voll, and the references
given therein.

9 Third series of exercises

Exercise 9.1 (Exponential and logarithm series).
(a) Prove the Lie product formula

exp(X +Y) = lim_(exp(X/n) exp(Y/m)",

which holds in the completed free associative algebra Q((X,Y)). (Hint: Start
heuristically with exp(eX)exp(eY) = exp(e(X +Y)) + o(¢).)

(b) Show that in the 2-adic numbers Q9 one has log(—1) = 0 = log(1). Conclude
that exp(log(—1)) = 1 is not equal to —1!

Exercise 9.2 (The special linear groups SLy4(Z,)).

(a) Let d € N and consider the topological group SLg(Z,,). Show that this group
is virtually a pro-p group and display an open uniform subgroup, together with
its lower p-series. Realise the associated powerful Z,-Lie lattice explicitly as a
Lie sublattice of gl,;(Z,).
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(b) Show that every open neighbourhood of 1 in SLy(Z,) contains an open
subgroup which is not powerful.

Exercise 9.3 (The quaternion group SLi(A,)).
Suppose that p > 2, and let p € {1,2,...,p—1} be a non-square modulo p. The
4-dimensional quaternion algebra over QQ, is the associative algebra

p = Qp +Qu+ Qv+ Qpuv,

defined by the multiplication rules

w=p, vi=p uv=-vu
The reduced norm and the reduced trace of an element x = a+ fu+yv+duv €
D, are given by

N(x) = o® — 052 - p’YZ + pp(52 and T(x)=2a.

We write SL1(D,,) := {x € D, | N(x) = 1} and sl;(D,) := {x € D, | T(x) = 0}.

(a) Show that D, is a skew field. (Hint: Use the norm map.)

(b) Prove that SL;(DD,) is a compact topological group. (Hint: Consider x =
a+ fu+ v+ duv € D, with N(x) = 1. Note that v,(a? — p3?) is even, while
vp(py? — ppd?) is odd. Conclude that «, 3,7v,8 € Z,. Now use the fact that the
norm map is continuous.)

Remark: The group SLy(Q,), in contrast, is clearly not compact.

(c) Show that sly(D,) is a 3-dimensional simple Q,-Lie algebra. Prove that
s(1(D,) does not have any subalgebras of dimension 2. Conclude that sl; (D)) is
not isomorphic to the Lie algebra sly(Q,).

Remark: There are (up to isomorphism) precisely two 3-dimensional simple
Q,-Lie algebras, namely sl; (D) and sly(Q,).

(d) Note that A, := Z, + Zyu + Z,v + Zyuv constitutes a Z,-order of D,,, i.e.
a Zp-subalgebra whose @p—span is equal to the entire algebra ID,,. Show that A,
admits a unique maximal ideal p, which is generated by v.

Remark: One can extend the p-adic valuation on @Q,, uniquely to a valuation on
the skew field ID,,. The element v is a uniformiser for this valuation, i.e. it plays
a similar role as p does for the valuation on Qp.

(e) Write sl;(A,) == sl1(Dy) N A, and i := 3u, j := 1v, k := fuv. Note that
sl (Ap) = Zpi + Zpj + Zpk and Work out the commutators [i,j], [i, k], [j, k] in
terms of the new basis i, j, k.

(f) Note that sl3(A,) := psli(A,) is powerful. Convince yourself that the cor-
responding uniform pro-p group, which is defined via the Hausdorff formula, is
equal to the group SLI(A,) := SLy(D,) N (1 +pA,).

Conclude that SL;(D,) is a 3-dimensional just-infinite compact p-adic analytic
group which is not commensurable with SLy(Z,).

'—'I\D\H

Exercise 9.4 (Just-infinite pro-p groups).
(a) Prove that every just-infinite pro-p group is finitely generated.
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Remark: T do not know whether there are just-infinite profinite groups which
are not finitely generated.

(b) Let G be a pro-p group of finite rank with open uniform subgroup U <, G.
Prove that, if the associated Q,-Lie algebra L(G) = Q,®z, L(U) is simple, then
G is just-infinite.

(¢) Determine all abelian just-infinite pro-p groups. Show that every soluble
just-infinite pro-p group is virtually abelian. Construct a soluble just-infinite
pro-p group which is not abelian.

(d) Give an example of an infinite pro-p group which does not have any just-
infinite quotients. (Hint: Your group cannot be finitely generated.)

In contrast, show that every infinite finitely generated pro-p group G' admits a
just-infinite quotient. (Hint: Consider an ascending chain Ny C No C ... C G of
closed normal subgroups of G such that G/N; is infinite for all i € N, and assume
for a contradiction that M := cI((J{N; | ¢ € N}) is open in G. Conclude that M
is finitely generated and derive a contradiction. Now apply Zorn’s lemma.)

(e) Consider the profinite group G := [[, Cp, where the product extends over all
primes p. Prove that G is finitely generated, but does not admit any just-infinite
quotient.

(f) Suppose that p > 2. Prove that the Nottingham group, introduced in
Exercise 4.3, is hereditarily just-infinite, i.e. that every open subgroup of the
Nottingham group is just-infinite.

Exercise 9.5 (Saturable pro-p groups).

(a) Prove that every uniform pro-p group G satisfies v,(G) C ®(G)?. Go on to
show that, if G is a torsion-free finitely generated pro-p group satisfying ,(G) C
®(G)P, then the lower p-series of G provides a potent filtration. Conclude from
Theorem 8.4 that uniform pro-p groups are saturable.

(b) Let d € N with d > 3, and let G be a Sylow pro-p subgroup of GL4(Z,).
Show that G is not uniform. (Hint: Show that the image of G in GL4(F,) is not
powerful.)

(c) Let d € N, and let G be the Sylow pro-p subgroup of GL4(Z,). Determine
the lower central series of G for the specific case d = 3 and guess the general
pattern. (Hint: Take for G the group of matrices which are upper uni-triangular
modulo p, and consider the commutators of elementary matrices.) Conclude
from Theorem 8.4 that G is saturable for d < p — 2.

(d) Construct a torsion-free p-adic analytic pro-p group of dimension p which
is not saturable. (Hint: Consider the semidirect product G := A x M of the
abelian groups A = (a) = Z, and M = (z1,...,2,_1) = Z5~", defined by

o zizipr f1<4i<p—2,

s =
! xp_rxl ifi=p-—1.

Assume for a contradiction that G admits a potent filtration G;, i € N. Observe

that [M,,—1 G] = MP and deduce that M C G; for all i € N in contradiction to

N{Gi|ieN}=1.)
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Exercise 9.6 (Haar measure and random generation).

Every profinite group G is a compact topological group and as such it carries
a normalised Haar measure p which is invariant under both left and right mul-
tiplication. The measure is normalised in the sense that pu(G) = 1. The Haar
measure i can be evaluated on Borel subsets, in particular on all closed subsets
of G. Sometimes it is useful to think of p as a probability measure on G. For
k € N, it induces a probability measure on the direct product G x ... x G of k
copies of the group G; thus one can consider random k-tuples of elements in G.

(a) Let G be profinite group and H <. G. Determine the measure x(H) in terms
of the index |G : H|.

(b) Let G be a finitely generated pro-p group, and put d := d(G). For k € N,
determine the probability that a random k-tuple of elements in G generates G.
(c) Let G be a pro-p group of finite rank so that, by Exercise 6.6, its subgroup
growth is polynomially bounded: denoting by o, the number of subgroups of
index at most p™ in G, there exist ¢, & € R such that o, < ¢p™® for all n € Nj.
Let £ € N with k£ > a+1. Deduce from the Borel-Cantelli lemma that a random
k-tuple of elements in G generates with probability 1 an open subgroup of G.
(Hint: The Borel-Cantelli lemma states that, if X; C. G, i € N, is a family of
closed subsets of G such that Y=, u(X;) converges, then the Borel set

X =({YalneN}, whereV, = J{X;|ieNwithi>n},

has measure 0; see [44, Wind. 11]. In order to apply this in the given situation
note that a k-tuple fails to generate an open subgroup of G if and only if it is
contained in infinitely many open subgroups of G.)

Exercise 9.7 (Hausdorff dimension).
Let G be a pro-p group of finite rank, and write G,, :== GP" for n € N.

(a) Prove that
log, |G : G,
dim(G) = tim 2&2IG Gl

n—oo n
(Hint: Choose an open uniform subgroup U of G, and write U,, := UP" forn € N.
Then G. C U for some ¢ € N. Use the estimates |U : U,,—.| < |G : G| < |G : Uy,
for n € N with n > ¢.)
(b) Suppose that G is uniform and let H be a uniform subgroup of G. Prove that
the isolator isog(H) := {g € G| In € N: ¢" € H} forms a uniform subgroup of
G with [isog(H) : H| < oco. (Hint: Work in the associated Z,-Lie lattice L(G)
and translate back and forth between the groups and the Lie lattices.)
(c) Let H <. G be a closed subgroup of G. Prove that

loglHG,, : G| dimH
im = )
n—oo log|G : G, dim G

Remark: The limit on the left-hand side is equal to the Hausdorff dimension of
H in G with respect to (the metric induced by) the filtration G,,, n € N; see [3].
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(Hint: Note that |HG, : G,| = |H : H N G,| for all n € N. Using similar
arguments as in part (a), reduce to the situation where both G and H are
uniform. Convince yourself that we can further assume that H is isolated in the
group G, i.e. that isoq(H) = H. Employing the associated Z,-Lie lattices, prove
the claim in this situation.)

Suggestions for further reading

Exercise 9.3 provides hands-on experience with p-adic quaternion groups; these
groups provide interesting examples of anisotropic groups and appear in many
contexts; e.g. see [25, 33, 34]. In connection with Exercise 9.4 we refer, once
more, to [32], by Klaas, Leedham-Green and Plesken, as well as to Camina’s
and Wilson’s chapters in [11]. As for Exercise 9.5, we remark that the connec-
tions and differences between uniformly powerful and saturable pro-p groups
are clarified in [35]. The study of random generation in profinite groups, as
discussed in Exercise 9.6, was initiated in Mann’s stimulating paper [45]; also
see [44, Wind. 11]. The notion of Hausdorff dimension provides a useful tool in
the study of profinite groups. Exercise 9.7 was designed from results of Barnea
and Shalev in their paper [3]. Other interesting applications can be found, for
instance, in [2, 25].

10 Representations of compact p-adic Lie groups

In this section, we touch upon recent advances in the study of irreducible
finite-dimensional complex linear representations of compact p-adic Lie groups;
see [1]. Representation zeta functions are also discussed in Chapter III. Basic
notions and facts on linear representations of groups can be found in Robinson’s
book [51, Ch. 8]. In [22], Huppert provides an accessible introduction to char-
acter theory.

10.1 Representation growth and Kirillov’s orbit method

Let G be a profinite group. For n € N, we denote by r,(G) the number of iso-
morphism classes of continuous n-dimensional irreducible complex linear repre-
sentations of G. Note that, by continuity, all representations of G of the kind
considered have finite image. For a general profinite group G, the numbers r,,(G)
may very well be infinite, but there are interesting situations where they are all
finite. Indeed, if G is finitely generated, then r,(G) < oo for all n € N if and
only if G is FAb®, i.e. if and only if H/[H, H] is finite for every open subgroup
H <, G. (This can be proved from Jordan’s theorem which states that, in char-
acteristic 0, each finite linear group admits an abelian normal subgroup of index
uniformly bounded in terms of the degree; cf. [44, Wind. 7].) In the situation
where G is FAD one takes an interest in the arithmetic sequence r,,(G), n € N,

5FAb sounds fabulous and is short for ‘finite abelianisations’.



54 Chapter I. Compact p-adic Lie groups

which reflects the representation growth of the profinite group G; cf. [37]. A
useful tool is the representation zeta function

Chr(s) = Zzozl rn(G)n™?%,

which encodes the entire representation growth of G.

The derived series of G is the descending series G;, © € Ny, of closed normal
subgroups, defined by G := G and G; := [G;_1,G;_1] for i > 1. It is easy to see
that, if G is a pro-p group, then G is FAbD if and only if every term of its derived
series is open in G. In particular, any non-soluble just-infinite pro-p group is
FAD.

Now suppose that G is p-adic analytic and consider the Q,-Lie algebra
L(G) = Qp @z, L(U) associated to G via an open uniform pro-p subgroup
U; cf. Section 7.5. Then G is FAb if and only if L(G) is perfect, i.e. if and
only if L(G) = [L(G), L(G)]. This makes the representation growth of compact
open subgroups of semisimple p-adic Lie groups a natural field of study, and the
so-called orbit method provides a useful tool in this context.

Kirillov originally introduced the orbit method to study the unitary represen-
tations of nilpotent Lie groups in the 1960s, around the same time when Lazard
developed his theory of p-adic Lie groups; see [30]. The method is based on the
heuristic that there exists a close connection between the unitary irreducible
representations of a Lie group and the orbits in its co-adjoint representation. In
the case of a connected, simply connected nilpotent Lie group G with associated
Lie algebra g, one obtains a natural correspondence between equivalence classes
of irreducible unitary representations of G and G-orbits in the dual space of g.
In [27], Kazhdan applied the orbit method to p-groups of nilpotency class less
than p. In the late 1970s, Howe showed that the orbit method can also be put
to use in the context of compact p-adic Lie groups; see [20]. More recently, in
[24], Jaikin-Zapirain extended and applied the orbit method to solve problems
in the subject of representation growth. Gonzédlez-Sénchez provides a summary
in [14].

10.2 The orbit method for saturable pro-p groups

Let G be a saturable pro-p group and let g := L(G) denote the associated
Z,-Lie lattice. Continuous complex representations of G' correspond to contin-
uous complex characters. Thus we want to arrive at a description of the set
Irr(G) of continuous irreducible complex characters of G.

In the following, we will frequently use the fact that the underlying sets
of G and g are one and the same. We denote by Irr(gy) the set of continu-
ous irreducible characters of the additive group g4 := (g,+), which coincides
with the set Hom$™ (g, C*) of continuous homomorphisms from g, into the
multiplicative group C*. Indeed, one should think of Trr(g) as the dual space
of g.

The adjoint action of G' on g, which is given by conjugation, induces the
so-called co-adjoint action of G on Irr(gy): for w € Irr(g4) and g € G, the
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element w9 € Irr(gy ) is defined by setting
wI(z) = w(z? ) forallzeg.

Natural candidates for the irreducible characters of G arise in form of the class
functions

®o:G—C, Po(z):=[Q72) ]  wl@),

where € runs through all orbits of the G-space Irr(g. ). Indeed, one easily ver-
ifies that these functions form an orthonormal set. In fact, they give rise to an
orthonormal basis for the class functions of G modulo any open PF-embedded
subgroup N.

In parallel we need to keep track of the degrees of the irreducible characters
of G. For this purpose, we introduce the notion of a radical. To w € Irr(gy) we
associate the bi-additive and skew-symmetric map

bo:gxg—C" bu(z,y) =w(lz,y)).
The radical of this map b,, is
Rad(w) := Rad(b,) ={x € g | Vy € g: by(z,y) = 1}.

One can prove that the radical Rad(w) associated to w € Irr(gy ) is, in fact, a
Lie sublattice of g and coincides as a set with a saturable subgroup of G, namely
with the stabiliser Stabg(w) of w in G.

Theorem 10.1 (Orbit method for saturable pro-p groups). Let G be a sat-
urable pro-p group with ~,—1(G) C GP. Then the continuous irreducible complex
characters of G are parameterised by the orbits of the co-adjoint action of G on
Irr(gy.)

Irr(G) = {®q | 2 an orbit of the G-space Irr(gy)}.

Moreover, if Q is the G-orbit of w € Irr(g), then the degree of the corresponding
irreducible character ®q is equal to |g : Rad(w)|'/2.

For a proof of this theorem, we refer to [14, §5]. Also we remark that the
theorem applies in particular to uniform pro-p groups, if p > 3, and that tech-
nically more complicated conclusions hold true for uniform pro-2 groups.

Corollary 10.2. Let G be a saturable pro-p group, which satisfies v,_1(G) C GP
and which is FAb. Then

G(s)= > lg:Rad(w) ">

welrr(gy)

Proof. Based on the theorem, this is now an easy computation. Observe that
the dimension of the representation corresponding to a continuous complex
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character x of G is equal to x(1). Hence we have

@)= > x()
x€lrr(G)
Y.l ee(1)

welrr(gy)
Q:=w®

" 16 s Staba(w)[ g : Rad(w)| ™/

w€lrr(gy)

> g :Rad(w)| 72,

welrr(gy)

10.3 An application of the orbit method

Based upon Corollary 10.2, Jaikin-Zapirain uses in [24] model-theoretic tech-
niques to show that, for odd primes p, the representation zeta function (¥ (s) :=
oo rn(G)n* of a FADb p-adic analytic pro-p group G is in fact a rational func-
tion in p~*. For p = 2, the same assertion holds if one further assumes that G
is uniform. It is a major challenge to find out more about these representation
zeta functions. Of particular interest are the zeta functions associated to families
of open pro-p subgroups of semisimple p-adic Lie groups, such as the principal
congruence subgroups of the special linear groups SL,,(Z,).

One of the main results announced in [1] establishes the existence of func-
tional equations for families of pro-p groups derived from a global setting. For
this, one considers families of p-adic Lie groups whose associated Lie algebras
share a common Z-Lie sublattice.

We describe a special case of the more general result stated in [1, Theorem A].
Denote by P the set of all primes. Let L be a Lie lattice over Z, and for p € P let
L, := L ®z Z, denote the completion of L at p. Then for all p € P and m € N,
with m > 2 if p = 2, the Z,-Lie lattice p™ L,, is powerful and thus corresponds to
a uniform pro-p group which we denote by Gy, .. A key example for this set-up
is L =sl4(Z2), Ly = sl4(Zy) and G, = SL (Zp).

Theorem 10.3. Let L be a Lie lattice over Z such that Q ®yz L is a perfect
Q-Lie algebra of dimension d. For p € P, consider the family of FAb uniform
pro-p groups G, m, corresponding to the family of powerful Z,-Lie lattices p™ Ly,
where m € N, with m > 2 if p = 2.

Then for almost all p € P the representation zeta functions associated to the
groups Gp m, m as above, satisfy the functional equations

Cg:;,m(s)‘pﬂp” = p(172m)dcgi,m(3)~

These functional equations are to be interpreted as follows. Consider G,
for p € P and m € N as above. The zeta function (g7 (s) is a rational func-
tion in p~*® whose coefficients can be expressed as polynomials in p and in the
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numbers v (V') of F),-points of certain smooth projective F,-defined varieties V.
The operation p — p~! on such a number v(V) is performed by inverting the
Frobenius eigenvalues associated to V: the alternating sum of these complex
numbers equals (V') in accordance with the Weil conjectures. In the simplest
case, the Frobenius eigenvalues are just powers of p, in agreement with our
notation.

The proof of Theorem 10.3 is built on two main ideas. The first ingredient is
the parameterisation of the irreducible characters of a FAb uniform pro-p group
G in terms of the orbits of the co-adjoint action of G. In a second step, one
takes advantage of the fact that the problem of counting co-adjoint orbits can
be treated within the framework of generalised Igusa local zeta functions; cf.
Chapter IIT and the references therein.

Suggestions for further reading

The orbit method in a wide context is discussed in Kirillov’s book [31]. The
‘classical’ articles, by Kirillov, Kazhdan and Howe, referred to in the main text
are [30, 27, 20]. More recent articles which develop or apply the orbit method
in the context of representation zeta functions include [24, 7, 14, 37, 1]. They
lead the reader to cutting-edge research in asymptotic group theory.
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Chapter 11

Strong approximation

methods
by Nikolay Nikolov

1 Introduction

This chapter is concerned with linear groups I' < GL,, (k) where k is some field
(usually of characteristic 0). Linearity is one of the most effective and well-
studied conditions one can put on a general infinite group. The following three
results are some of the most widely used consequences of linearity:

(i) (Mal’cev): A finitely generated linear group I' is residually finite.
(ii) (Selberg): If in addition char k = 0, then I is virtually torsion free.

(iii) (Tits alternative): A finitely generated linear group I is either virtually
soluble or else contains a non-abelian free group.

The first of these means that I' has many finite images, and one way to
study I' is to investigate these images (equivalently, the profinite completion I'
of I'). In turn, the Tits alternative (iii) can be interpreted as saying that a non-
virtually soluble linear group I' is rather big and a natural question is whether
this implies some extra properties of I'. In other words, if G is not virtually
soluble, then does I" have (in some sense) a rich collection of finite images?

This is indeed true and the answer is provided by the following ‘Lubotzky
alternative’ for linear groups, one of the main objectives of this chapter:

Theorem 1.1. Let A < GL,, (k) be a finitely generated linear group over a field
k of characteristic 0. Then one of the following holds:

(a) the group A is virtually soluble, or

(b) there exists a connected, simply connected Q-simple algebraic group G, a
finite set of primes S such that T' = G(Zg) is infinite and a subgroup Ay
of finite index in A such that every congruence image of I' appears as a
quotient of Aq.
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Here Zs = Z[1/p | p € S]. In case (b) we can deduce from the strong
apgrozimation theorem that A; has many finite images, in particular the groups
I1,_, G(F,,) whenever p1,...,py are distinct primes outside S. Now, for all but
finitely many primes p, the group G(F,) is semisimple, in fact it is a perfect
central extension of a product of simple groups (of fixed Lie type over F,). The
simple groups of Lie type are very well understood and this enables us to deduce
properties of the profinite completion A of A.

For example, if A has polynomial subgroup growth, then one can deduce
that case (b) of Theorem 1.1 is impossible and hence that A is virtually soluble.
Some more applications of Theorem 1.1 are given in Section 6 below.

In turn, when A is virtually soluble we have the Lie—Kolchin theorem:

Theorem 1.2. Suppose that A < GL,(K) is a virtually soluble linear group
over an algebraically closed field K. Then A has a triangularisable subgroup
Ay of finite index; i.e. Ay is conjugate to a subgroup of the upper triangular
matrices in GLy, (K).

In fact, if char K = 0, the index of A; in A can be bounded by a function
of n only (a theorem of Mal’cev and Platonov). This has the corollary:

Lemma 1.3. Suppose that A is a finitely generated group which is residually in
the class of virtually soluble linear groups of degree n in characteristic 0. Then
A itself is virtually soluble.

We shall use this Lemma in the proof of Theorem 1.1.

A common feature in the proofs of all these results is to take the Zariski
closure G = A of A in GL,,(K). This is a linear algebraic group and we can apply
results from algebraic geometry, number theory and the theory of arithmetic
groups to study G and its dense subgroup A.

The main object of this chapter is to understand the terminology appearing
above and develop the methods by which Theorems 1.1 and 1.2 can be proved.
These methods are useful in a variety of other situations involving linear groups,
some of which are discussed in Section 6 below.

2 Algebraic groups

Throughout, K will denote an algebraically closed field.

2.1 The Zariski topology on K"

A good reference for the material of this section (with proofs) is the book [1]
by Atiyah and Macdonald. For a brief introduction, see also the chapter ‘Linear
algebraic groups’ in [5].

Let K™ be the n-dimensional vector space over K. Given a subset S of the
polynomial ring

R:=Klz1,...,Zn]
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define
V(S)={ze K" | f(x)=0 VfelS}

to be set of common zeros of S in K".
Tt is easy to see that V(I) = V/(S) for the ideal I generated by S, that

V(I)UV(J) = V(L])

for ideals I and J of R, and that

Ava)=v (ZI)

1€ Ieg

for any family F of ideals of R.
The Hilbert basis theorem says that each ideal I of R is finitely generated
and so each V(5) can in fact be defined by finitely many polynomial equations.

Definition 2.1. The Zariski topology of K™ has as its closed sets the sets V(1)
for all ideals I of R.

The first basic result about the Zariski topology is the following:

Proposition 2.2 (Exercise 8.3). The space K™ with the Zariski topology is a
compact topological space, in fact it satisfies the descending chain condition on
closed subsets.

Note that the closed sets of K coincide with its finite subsets (since a poly-
nomial in one variable can only have finitely many roots). More generally, the
Zariski topology of K™ is never Hausdorff, thus even though the space K" is
compact one should be careful when applying familiar results from Hausdorff
spaces.

Example: Let V be the hyperbola given by the equation zjxo = 1 in K2,
Then V is a closed, hence compact subset of K2, but its projection on the x;
axis is K'\{0}, which is not closed. So in the Zariski topology, continuous images
of compact sets are not always closed.

The subsets V(I) C K™ (with the subspace topology induced from the
Zariski topology on K™) are called affine (algebraic) varieties. If W is an affine
variety, the coordinate ring R(W) of W is the algebra R/J(W), where J(W)
is the ideal of R consisting of all polynomials vanishing on W. The ascending
chain condition on ideals of R (Hilbert’s basis theorem) implies the descending
chain condition (minimal condition) for closed sets in K™.

Theorem 2.3 (Hilbert’s Nullstellensatz). V(I) =0 if and only if I = R. More
generally, if W = V(1) is an affine variety, then J(W)/I is the radical of I,
i.e.

JW)={zeR|a" el for somen € N}.
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For a proof, see [1, Ch. 7].

The coordinate ring R(W) can be considered as the set of morphisms of W
into the 1-dimensional variety K. In general, a morphism F from W; C K™
into Wy C K" is an no-tuple (f1,..., fn,) € Klx1,...,2,,]™ of polynomial
maps such that F(W;) € Ws. Any such morphism induces a K-algebra homo-
morphism F* : R(W3) — R(W7) defined by f +— f o F. Conversely, from the
Nullstellensatz it can be shown that every algebra homomorphism F* between
R(V3) and R(V4) arises in this way from a morphism F : V4 — V5. In this way
the category of affine varieties is anti-equivalent to the category of reduced!
finitely generated algebras over the algebraically closed field K.

Definition 2.4. A variety is irreducible if it is not the union of two proper
closed subsets.

Since V satisfies the minimal condition on closed subsets, we can write every
variety W as
W=WyUWyU---UWjg,

a union of irreducible varieties W;. If we assume that the above decomposition

is irredundant, i.e. W; € W; whenever ¢ # j, then it is in fact unique up to

reordering of the W;. These are then called the irreducible components of W.
For example, if W is the variety defined by the single equation

T1To (zlxg — 1) =0,

then its irreducible components are the two lines with equations 1 =0, o =0
and the curve defined by zj23 = 1.

It is easy to see that a variety W is irreducible if and only if J(WV) is a prime
ideal of W, i.e. if and only if the coordinate ring R/J(W) is an integral domain.

Definition 2.5. The dimension, dimW of an irreducible variety W is the
Krull dimension of R(W). This is the transcendence degree of R(W) over K,
or equivalently the maximal length d of a chain of distinct non-zero prime
ideals 0 C P, C --- C Py C R(W). The dimension of a general affine variety is
the maximal dimension of its irreducible components.

As a consequence, a closed proper subset of an irreducible variety W has
strictly smaller dimension than W.
2.2 Linear algebraic groups as closed subgroups of GL,,(K)

We identify the n x n matrix ring M, (K) with K™, and use zij (4,7=1,...,n)
as coordinates. Then the subgroup SL,, (K') of matrices with determinant 1 forms
an affine variety, defined by the equation det(z;;) = 1.

Definition 2.6. A linear algebraic group over K is a Zariski-closed subgroup
of SL,,(K) for some n.

LA ring or an algebra is reduced if it contains no nilpotent elements except 0.
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Notes:

1. The two maps (z,y) — 2y and o — 2~ from G x G (respectively G) to
G are morphisms of affine varieties.

2. There are more general algebraic groups which are not linear. In this book
we shall be concerned only with linear algebraic groups, and ‘algebraic
group’ will always mean ‘linear algebraic group’.

3. The definition we have given is different from the standard one but equiva-
lent to it: one usually defines a linear algebraic group to be an affine variety
with maps of group multiplication and inverses which are morphisms of
varieties. It can be shown that every such group is in fact isomorphic to a
closed subset of some SL,, (K). See the ‘Linear algebraic groups’ chapter
in [5].

A homomorphism of linear algebraic groups f : G — H is a group homomor-
phism which is also a morphism between varieties, i.e. f is given by polynomial
maps on the realisations of G C M, (K) and H C M,,(K).

The group GL,,(K) is isomorphic to a closed subgroup of SL,,,4+1(K), by the

mapping
g 0
g ( 0 (detg)™? >

In this way we consider GL,(K) as a linear algebraic group. It is clear that
every linear algebraic group is isomorphic to a closed subgroup of GL,,(K) for
some n.

Basic examples

For an integer n > 2, consider the following subgroups of SL,, (K):

e the group of (upper or lower) unitriangular matrices,
e the upper (upper or lower) triangular matrices,
e the diagonal matrices, or more generally,

e the monomial matrices.

It is clear that these are closed subgroups of SL,,(K) and so are algebraic
groups.

Note that when n = 2 the first example is isomorphic to the additive group
of the field K, while the third one is isomorphic to the multiplicative group of
K. In this way (K, +) and (K, x) become linear algebraic groups. The first one
is denoted by G4 and the second by Gy. In can be shown that these are the
only connected algebraic groups of dimension 1.

Another family of examples arises from linear groups preserving some form.
For example, if (u,v) = u? Pv is a bilinear form on the vector space V = K",
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then the group G < GL(V') preserving (—, —) can be described as those matrices
X in GL,(K) such that XTPX = P. This is a collection of n? polynomial
equations on the coefficients of X = (x;;) and so G is an algebraic group.
Examples are the symplectic group Sp,, (K) (n even) and the special orthogonal
group SO, (K).

Basic properties of Algebraic groups

Theorem 2.7 (see [7, Ch. II]). Let f : G — H be a homomorphism of algebraic
groups. Then:

1. Tm(f) is a closed subgroup of H and ker(f) is a closed subgroup of G.
2. dim G = dimker(f) + dim Im(f).

Recall that a topological space is connected if it cannot be written as the
disjoint union of two proper closed (equivalently open) subsets. Clearly, an irre-
ducible variety is connected. It turns out that for algebraic groups the converse
is also true and so the two concepts coincide. To see this, suppose that G is a
connected algebraic group. Let G = V3 U- - - UV} be the decomposition of G into
irreducible components. This decomposition is unique up to the order of the V;,
therefore the action of G by left multiplication permutes the components V;.
Without loss of generality, suppose that 1 € V;. Let

Gy = Stabg(Vl) = {g cG | ng = Vl}

Clearly, G; is a closed subgroup of finite index k in G, so it is both open
and closed, as are each of its cosets in GG. Since G is connected, we must have
G = Gy, 80 k=1 and G is irreducible.

The above argument easily shows that more generally the connected com-
ponent of the identity G° of G is a closed irreducible normal subgroup of finite
index in G; it may be characterised as the smallest closed subgroup of finite
index in G.

Lemma 2.8 (see [20, 14.15], or [7, §7.5]). If (H;)icr is a family of closed con-
nected subgroups of G, then the subgroup (H;| i € I) generated abstractly by the
H; in G is closed and connected.

In particular, if H; and Hy are two closed connected subgroups of G such
that HyHy = HoH, (e.g., if either of Hy or Hj is normal in G), then Hy Hs is a
closed connected subgroup of G. In general, if Hy, Hy are closed subgroups with
HyHy = HyH; and having connected components HY, HY respectively, then
H1H, is a finite union of closed sets hHY HYh' for some h,h' € G and so is a
closed subgroup of G.

Theorem 2.9 (Chevalley; see [7, Ch. IV]). If H is a closed normal subgroup of
G, then the quotient G/H can be given the structure of a linear algebraic group,
so that the quotient map G — G/H is a homomorphism of algebraic groups.

|
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Fields of definition and restriction of scalars

A variety V(I) is said to be defined over a subfield k¥ C K if the ideal I is
generated (as an ideal of R) by polynomials with coefficients in k. When the
field extension K/k is separable (which is always the case if k has characteristic
0) there is a useful criterion for V' to be defined over k:

Lemma 2.10. Let W = V(S) be a variety. For o € Gal(K/k), define the
variety W7 to be V(S7), i.e. the zero set of the ideal S° of R. Then W is
defined over k if and only if W = W? for all o € Gal(K/k).

Similarly, a homomorphism f : G — H between two algebraic groups is
k-defined if all the coordinate maps defining f are polynomials with entries
in k.

Now let G < GL,,(K) be an algebraic group and let O be a subring of K.
The group of O-rational points of G is defined to be GL, (0) NG and is denoted
by Go.

Suppose that G is defined over some subfield k of K which is a finite extension
of ko. In this chapter we shall study the groups G, and sometimes we prefer to
reduce the situation to a smaller subfield ko (which will usually be Q).

There is a standard procedure for doing this, called ‘restriction of scalars’.
This associates to G another algebraic group H < GL,q(K) where d = (k : ko);
here H is defined over ko and satisfies Hy, = Gj. The algebraic group H is
denoted Ry, (G). Before presenting the general construction let us study a
simple special case which illustrates the idea.

Suppose that G is the multiplicative group of the field (K, x). This is defined
over the integers Z (i.e. it can be defined by polynomials over Z.) Let k be a
number field, i.e. a finite extension field of Q. The group Gy is clearly the mul-
tiplicative group k* of the field k. We want to find a Q-defined algebraic group
H such that its group Hg of Q-rational points is isomorphic (as an abstract
group) to Gy.

To find H we identify k with the vector space Q? by choosing a basis
ai,...,aq for k over Q, and consider the regular representation of k£ acting on
itself by left multiplication. This gives an algebra monomorphism p : k — My(Q)
and so p(k) is a d-dimensional subspace of M, (Q). This can be defined as the
zeros of some s = d? — d linear functionals F,..., F, : M,(Q) — Q. There-
fore, we can define the algebraic variety H as the set of zeros of FY,..., Fy in
GL4(K). Then clearly Hy = G, and the only thing that has to be checked is
that H is a group, i.e. the variety H is closed under matrix multiplication and
inverses. This can be expressed as the vanishing of certain polynomials in the
coordinates x;;. If one of these polynomials is non-trivial, it will be non-trivial
for some rational values of its arguments. But we certainly know that Hg is
closed under multiplication and inverses since it is equal to the multiplicative
group k*. So H is indeed an algebraic group.

There is another way to view the algebraic group H just constructed. Let
o1,...,04 be the d embeddings of k into the algebraically closed field K. For an
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element h = Zle z;a; € k with x; € Q, consider
A(R) = (Ai(h), ..., Aa(h)),
where
d
Nj(h) =" wioj(ai) = a;(h).
i=1

The condition det p(h) # 0 is equivalent to []; A;(h) # 0. If k = Q(c1) where
oy has minimal polynomial p(x) = (z — a1) -+ (¢ — ag) over Q, then k =~
Q[z]/(p(z)). We can extend A from k to k ®g C and then

_ Clal 4 Cll
boeC= oy =D e oy @1

where the second isomorphism comes from the Chinese remainder theorem and
coincides with A\. Thus \ o p~! provides a K-isomorphism of H with the direct
product (G )? of d copies of the multiplicative group G.

In general, we are given a k-defined algebraic group G < GL,,(K). Consider
again an embedding p : k — My(ko) given by the regular representation of k
acting on itself. Again the subspace p(k) C My(kg) is defined by some set of say
r linear equations F;(yqp) in the matrix entries yup (1 < a,b < dand 1 <i <r).
Suppose that G was defined as a variety by the ! polynomials P;(z*!) in the
entries of the matrix (2%') € M,,(K) (j =1,...,l, 1<s,t<n).

Now the algebraic group H = Ry, (G) is defined by the following two
families of equations in the (nd)? variables z5t:

The first family is

P ((38),,) =0 € Ma(K), j=1,2.....0

i.e. we replace each variable z*! in the original polynomial P; with a matrix
(251) 5 € Ma(K). Note that each P; gives d* polynomial equations in K, one
for each entry of the matrix in My(K).

The second family is

F ((zéé)a’b> —0, i=1,....n

for each pair (s,t) with 1 < s,t <n.
A typical example is the group

G:{@ 2;’)| a%zb?;éo}

which is the restriction of scalars SRQ( V2) /@Gx~ Here, G is K-isomorphic to

a

Gy« X Gy via the map (b

Q-defined.

2 . . . . .
ab) — (a 4+ ib,a — ib), but this isomorphism is not
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It is easy to see that if we have a k-defined morphism f : G — T between
two k-defined linear algebraic groups, then this induces a kg-defined morphism

Ric /i (F) + R (G) — Ry (T).

In this way Ry/i, becomes a functor between the category of k-defined groups
and morphisms and kg-defined groups and morphisms.

The Lie algebra of G

There is a standard way to associate a Lie algebra L(G) to any connected linear
algebraic group G, so that the map L : G — L(G) is an equivalence of categories.
More precisely, the following holds (see III of [7]):

e If f: G — H is a homomorphism of algebraic groups, then there is a
uniquely specified homomorphism L(f) : L(G) — L(H) between their Lie
algebras.

e In particular, for any given g € G the map z — g~ 'zg is an automorphism

of G and this gives rise to a Lie algebra automorphism denoted Adg :
L(G) — L(G). In this way we get a homomorphism of algebraic groups
Ad: G — AutL(G), and it is easy to see that ker Ad = Z(G), the centre
of G. This is the adjoint action of G on L(G).

e If H is a closed (normal) subgroup of G, then L(H) is a Lie subalgebra
(respectively an ideal) of L(G).

e If G is defined over a subfield k of K, then L(G) is also defined over k,
i.e. it has a basis such that the structure constants of the Lie bracket
multiplication are elements of k. Moreover, if the morphism f : G — H is
k-defined, then so is the Lie algebra homomorphism L(f).

o The dimension of L(G) (as a vector space over K) is equal to the dimension
of the algebraic group G.

In general, if G is not connected, we define L(G) to be equal to L(GY) where
GO is the connected component of the identity in G.

Now a linear algebraic group G is an affine subset of M,,(K) so it is defined
by an ideal I < R of the polynomial ring K[Xi1,...,Xp,]. In this setting there
is a concrete description of L(G). It is a Lie subalgebra of the Lie algebra M, (K)
with the Lie bracket

[A,B] = AB — BA.

As a vector space, L(G) is the tangent space at the identity element e € G.
In our situation this is defined as follows.

For a polynomial P € R = K[(z;;)] and g = (g;5) € G < M, (K), let 9P, be
the linear functional on n? variables X; defined as follows
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OPy: My (K) — K, 0Py((Xij)ij) =Y (ai(gij) : Xij)-

i 81‘@’
Then L(G) is the subspace of M,,(K) of common solutions to the equations
P, =0, YPel,

where e = Id,, is the identity matrix in G < GL, (K).

In fact, we do not need to check infinitely many equations. By the Hilbert
basis theorem, the ideal I is finitely generated, say by polynomials Pi,..., P;.
Then L(G) is the common zeros of the linear functionals 9(FP;). =0 (i =1,...,t).

Connection with Lie algebras of locally compact topological groups

Let G < GL,, be a linear algebraic group and suppose that k is a complete field,
for example C, R or the field of p-adic numbers Q,, (see example 3.3 below). We
have another topology on GL,, (k) by considering it as a subset of the topological
space M, (k) = k™", In this way the group G}, of k-rational points is a non-
discrete locally compact topological group, by virtue of being a closed subgroup
of GL,, (k). In fact, G is a complex or real Lie group when k = C or R, and
is a p-adic analytic group when k& = Q,. In this section we shall use the term
analytic group to refer to either a Lie group or a p-adic analytic group.

There is a standard way to associate a Lie algebra L(§) to any (complex or
real) Lie group G and as explained in Chapter I such a Lie algebra exists for any
p-adic analytic group. One uniform way to define them is as the tangent space
at the identity of §G. The Lie bracket is the differential of the commutator map
in G.

The following Proposition is thus almost self evident:

Proposition 2.11. If the field k is one from C,R or Q,, then the k-rational
points of L(G) (namely, L(G)r, = L(G) N M,,(k)) coincide with the Lie algebra
of the analytic group G = G.

For later use we record another basic result. First observe that when we have
an analytic group § < GL,, (k) with a faithful linear representation in GL,,(k),
then we can also consider the Zariski topology on G as a subset of GL,,.

Proposition 2.12. Suppose that the group H is a Zariski dense subgroup of
the analytic group Gy < GL, (k) for G and k as above. Let Ad be the adjoint
action of G on its Lie algebra L(G). Then Ad(H )y and Ad(G)y have the same
span in the vector space Endyg L(G)) over k.

Moreover, when H is an analytic Zariski-dense in G, the Lie algebra L(J)
of H is an ideal of the Lie algebra L(G)y of Gy.

Proof. The adjoint action of G on L(G) is given by a set of polynomials (it
coincides with the conjugation action of G on L(G) as a subset of M, (K)), and
so the map Ad : G — Endg (L(G)) is a morphism of algebraic varieties, hence
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a representation of G as an algebraic group. Since H is Zariski-dense in Gy, it
follows that Ad(H) is Zariski-dense in Ad(G},) as subsets of Endy, L(G)y. Since a
vector subspace of Endy L(G)y, is Zariski closed, the first part of the proposition
follows immediately.

By a standard result of Lie theory, L(JH) is a Lie subalgebra of L(G)j, which
is Ad(%H)-invariant. Now the stabiliser Stab(L(H)) of L(H) in EndyL(G)y is
a subspace of Endy,L(G). Since this stabiliser contains Ad(H), it should also
contain Ad(G},) by the first part of the proposition. Therefore, L(H) is Ad(Gy)
invariant and so it is an ideal of the Lie algebra L(G)j of Gy. O

Note: The Lie algebra is a local tool, it was only defined from a neighbour-
hood of the identity of an analytic group §. So it is the same for any open
subgroup of §. In particular, any subgroup of finite index in Gz, is a compact
open subgroup of G, and hence all of these groups share the same Lie algebra
as analytic groups. In fact, this property characterises the open subgroups of
analytic groups:

Proposition 2.13. Suppose that the analytic group H is a closed subgroup of
the analytic group G. Then H is an open subgroup of G if an only if H and G
have the same Lie algebra. In particular, when G is compact this happens if and
only if H has finite index in G.

As in the theory of Lie groups, the Lie algebra is a very useful tool in
the study of algebraic groups. This is best seen in the classification of the
simple algebraic groups in next section, but we can already give a non-trivial
application.

Proposition 2.14. A connected linear algebraic group G of dimension less than
3 is soluble. If dim G = 1, then G is abelian.

Indeed, L = L(G) is a Lie algebra of dimension at most 2 as a vector space
over K and it is easy to see that L must be soluble. If dim L = 1, then L is
abelian and then so is G.

Note that even at this small dimension we see that two connected groups (for
example G and G ) may have the same Lie algebra and still be non-isomorphic.
However, the simply connected, semisimple groups are indeed uniquely deter-
mined by their Lie algebras, as we shall see in the following section.

2.3 Semisimple algebraic groups: the classification of
simply connected algebraic groups over K

Definition 2.15. A connected algebraic group is called semisimple if it has no
non-trivial closed connected soluble normal subgroups.

In general, an algebraic group G has a unique maximal connected soluble
normal subgroup. This is called the (soluble) radical and denoted Rad(G). The
group G/Rad(G) is then semisimple.
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Definition 2.16. A connected algebraic group is simple if it is non-abelian and
has no proper non-trivial connected normal subgroups.

This implies that every closed proper normal subgroup of G is central and
finite (Ezercise: prove this!).

Theorem 2.17. A semisimple group G is a central product
G=5108550---085

of simple algebraic groups S;. The factors in this product are unique up to
reordering.

Recall that a central product Sy o Sy 0--- 0 is a quotient P/N of the direct
product P = 57 x ---x S; by a central subgroup NN intersecting each .S; trivially.

So in order to understand semisimple algebraic groups it is sufficient to
understand simple algebraic groups and their central extensions.

Analogous definitions apply relative to any field of definition k. A con-
nected non-abelian algebraic group defined over k is k-simple (respectively
k-semisimple) if it has no non-trivial closed connected proper (respectively
soluble) normal subgroups defined over k. Again a k-semisimple group is
k-isomorphic to a central product of k-simple groups, which are unique up to
reordering.

When we speak of simple/semisimple groups without indicating the field
the understanding is that it is K. In this case, G is called absolutely simple
(respectively semisimple). Warning: a k-simple group need not be absolutely
simple (though it is semisimple); see Example 2.20 below.

The classification of absolutely simple algebraic groups mirrors entirely the
classification of the finite-dimensional simple Lie algebras over K. Indeed, a
simple group G has finite centre and G/Z(G) embeds via Ad as a group of
automorphisms of its Lie algebra L = L(G). So once the algebra L(G) is known,
the group G is determined up to an isogeny as a closed subgroup of Aut(L).
More precisely, we have the following classification theorem:

Theorem 2.18 (Chevalley). For each Lie type X from the list
An (TL > 1)7 Bn (n > 2)7 Cn (n > 3)7 Dn (n > 4)7 G27 F47 EG» E77 ES

there are two distinguished simple groups of type X: the so-called simply con-
nected group Gs. and the adjoint group Guq = Gs./Z(Gs.). Every simple group
of type X is an image of Gs. modulo a finite central subgroup T. Such a quotient
map w: G — G/T is called a (central) isogeny; all the groups of the same type
X form one isogeny class.

Every simple algebraic group belongs to exactly one of the isogeny classes
described above.

The proof of the uniqueness of the isogeny classes can be found in [7, Ch. XI]
(see Theorem’ in 32.1 there). Their ezistence is discussed briefly in [7, 33.6] and
the construction of the groups of adjoint types is given in [4].
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Examples of simply connected groups are SL,, (K) of type A,,_1 and Sp,,, (K)
(type Cp). The group SO, (K) is simple of type B(,,—1)/2 or D, /> (depending
on whether n is even or odd) but is not simply connected: its universal cover
(i.e. the simply connected group in its isogeny class) is Spin,, (K), the so-called
spinor group.

We extend the definition of ‘simply connected’ to the semisimple groups:

Definition 2.19. A semisimple group is simply connected if it is a direct prod-
uct of simply connected, simple groups.

From Theorem 2.18 it now follows that each semisimple group is the image
by a central isogeny of a unique simply connected, semisimple group.

In general, the k-simple algebraic groups are not so easy to describe. In
the first place, the radical of such a group is defined over k and so it must
be trivial. Therefore, a k-simple (even a k-semisimple) group is also absolutely
semisimple.

The next example gives a Q-simple group which is not absolutely simple.

Example 2.20. Let H = Rq(;),0SL2 be the restriction of scalars of SLy (defined
over Q) from Q(7) to Q. Then H is Q-simple.

Indeed, by Exercise 8.6 on page 94 we see that H is Q(¢)-isomorphic to
SLs x SLg via an isomorphism p, say. Composing p with complex conjugation
7 has the effect of swapping the two factors SLy. It follows that none of these
two factors is Q-defined as a subgroup of H. Now if H had a proper Q-defined
normal subgroup L, then L must coincide with one of the two factors SLs but
they are not defined over Q. Contradiction, hence H is Q-simple.

Suppose now that G is a connected, simply connected, k-simple group. This
means that over K our group G is isomorphic to a direct product [], H; of
simply connected, K-simple groups H;. It happens that each of H; is defined
over some finite Galois extension ky of k and we have that G is k-isomorphic to
the restriction of scalars Ry, /, H where H = Hy, say.

The group H is K-simple, so over K it is isomorphic to one of the (simply
connected) groups listed in Theorem 2.18, but we need to classify such groups
up to ki-isomorphism.

For example, the group

SOZ:{(_‘Lb Z) | a2+52:1}

is isomorphic to the multiplicative group C« over K, but this isomorphism is not
defined over the real subfield R. Another important family of examples arises
from quadratic forms or division algebras as follows:

Example 2.21. Let V = R?" be the 2n-dimensional vector space over the reals,
let £ € {0,1,...,n} and let f : V — R be quadratic form f(z1,...,22,) =
Zle x? — Z?;LkH 22. Let SO(f) = SO2,(f) be the algebraic group of matrices
of determinant 1 which preserve f, i.e.

SO(f) = {z € GLay, |detz =1 and f(zv) = f(v) Vv € V}.
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Then SO(f) is defined over R (in fact, it is defined over Z) and is isomorphic
to SO, over C, but for each k = 0,1,...,n the groups SO(f) are pairwise
non-isomorphic over R. The Witt index of the form f is k (this is the maximal
dimension of a subspace W of V such that f|y = 0). From this fact it is easy
to see that the maximal rank of a R-split torus of SO(f) is k. (See Definition
2.24 of a split torus in the next section.) So the groups SO(f) are pairwise
non-isomorphic over R for £k =0,1,...,n.

Example 2.22. Let H be the 4-dimensional quaternion algebra over R. We
can consider H as a subalgebra of M,(R) via the regular representation. For
an integer n € N, consider the group GL,(H) of invertible n by n matrices
with entries in H. We can consider GL,,(H) as a subset of My, (R) and define
SL,(H) to be the subgroup of matrices with determinant 1, i.e. SL,(H) =
GL,, (H)NSL4, (R). Then SL, (H) is a closed subgroup of SLyy, (R) and it is easy
to see that it is C-isomorphic to SLg, (because H @r C ~ M5(C)). However,
SL,(H) is not R-isomorphic to SLs, because the maximal rank of a R-split
torus in it is n — 1.

The ki-isomorphism classes of groups which are K-isomorphic to H are
called the ki-forms of H. These are classified by the non-commutative
1-cohomology set H!(Gal(K/k1), AutH,q). For example, the unitary group SU,,
is isomorphic to SL,, over K = C but not over R, and together with examples
2.22 these are different real forms of SL,,. Similarly, the group G in Exercise
8.7 on page 94 is a Q-form of SLs, while the groups from example 2.21 are real
forms of SOs,,. For more details about the classification the Q-forms of classical
groups, we refer to [16, Ch. 2]. There is an alternative classification by Borel
and Tits based on the concept of relative root systems, for that see [19].

2.4 Reductive groups

A class of groups which is more general than semisimple groups but which shares
some of their nicer properties is the reductive groups. For example, GL,,(K) is
not semisimple but still a very important group which we would like to include
in our theory.

Definition 2.23. An element g of a linear algebraic group G < GL,(K) is
called unipotent (respectively semisimple) if g is unipotent (respectively diago-
nalisable) as a matrix in GL, (K). This definition is independent of the choice
of the linear representation of G. The group G is unipotent if it consists of
unipotent elements.

For example, G, is unipotent.

Now it can be shown that an algebraic group G has a unique maximal
normal unipotent subgroup. This is the unipotent radical of G and is denoted
R.(G). The group G is called reductive if R,,(G) = 1. One obvious example of
a reductive group is a torus.
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Definition 2.24. An algebraic group T is a torus if it is isomorphic to a direct
product G'. The rank of T is the number m of direct factors G«. The torus T'
is called k-split if there is a k-defined isomorphism 7" — G

The group of diagonal matrices in GL,,(K) is a torus of rank n.

Theorem 2.25. A connected reductive group G is a product G =TS of a torus
T and a semisimple subgroup S such that [T,S] =1 and T NS is finite. The
subgroups T and S are unique.

For example, GL,, (K) is reductive and equal to Z - SL,,(K) where the torus
Z = Gy is the group of scalar matrices.

2.5 Chevalley groups

Definition 2.26. Let G be an algebraic group defined over a field k. Then G
is called k-split if it has a maximal torus which is k-split.

There is a simply connected, unique simple and Q-split algebraic group of
any given Lie type X and this is called the Chevalley group of type X. There is
a simple conceptual way to define the adjoint group G = G/Z(G), as described
for example in [4, Ch. 1]. As we have seen, G acts faithfully on the Lie algebra
L = L(G) of G and so can be identified with a subgroup of Aut(L). In fact, G
is defined as the subgroup of Aut(L) generated by the elements

ad(z)?  ad(z)?
2! 3!

exp(ad(x)) =1+ ad(x) + +-
where z is an element of a root subgroup of L. Note that for such = the linear
transformation, ad(x) : L — L is nilpotent and so the above series is finite.
Moreover, as described in [4] one can find a Lie subring S of L which is a
finitely generated torsion free Z-lattice of L and such that exp(ad(z)) stabilises
S for each x as above. Hence, G is in fact defined over Z and one sees that the
same is true for the universal cover G. Therefore, its R-rational points G are
defined for any ring R. In particular, G is defined for any finite field F. As we
shall see in Section 6.1, this is the construction of the untwisted finite simple
groups of Lie type.

3 Arithmetic groups and the congruence
topology
In this section and below, k will denote a number field (a finite extension of

Q) and O its ring of integers. By convention, prime ideals of O are assumed
non-zero. We begin by recalling some information about the ring O.
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3.1 Rings of algebraic integers in number fields

O is the collection of all elements x € k satisfying a polynomial equation
" a4t ap x4 a, =0

with leading coefficient 1 and each a; € Z. This is in fact a subring of k. As an
additive group it is isomorphic to Z%, the free abelian group of rank d, where
d=(k:Q).

The ring O has Krull dimension 1, i.e. every prime ideal is maximal. More-
over, every non-zero ideal has finite index in O. Each non-zero ideal I can be
factorised

I=pit-p5® - piy
as a product of prime ideals p; and this factorisation is unique up to reordering
of the factors. The Chinese remainder theorem says that then

O/I=0/p1* ®0/p5* & --- & O/p.

Each prime ideal p divides (i.e. contains) a unique rational prime p € N, and
then p NZ = pZ. The quotient O/p is a finite field of characteristic p.
If pO = [T9_, p§’ is the factorisation of the principal ideal (p) = pO, then

i=1
g

d=(k:Q) =) em; where |0/p;| =p". (3.1)
i=1

If k is a Galois extension of @, then ¢; = -+ = ¢4 and n; = -+ = ng.

Also e; # 1 for at most finitely many rational primes p (the so-called ramified
ones). The Chebotarev’s density theorem (see [16, Ch. 1]) implies that
for a positive proportion of all rational primes p we have g = (k : Q) and

ny =---ng = 1, i.e. the ideal (p) splits in k. More precisely
lim |{p < x| p a prime which splits in k}| 1 1
g—00 l{p <z | p prime }| |Gal(k/Q)| d

Here Gal(k/Q) is the Galois group of k over Q.

Let S be a finite set of prime ideals. An element a € k is said to be S-integral
if Ja € O where J is some product of prime ideals in .S. The set of all S-integral
elements forms a subring Og of k, containing O, called the ring of S-integers of
k. Of course, when S is empty Og = O.

3.2 The congruence topology on GL, (k) and GL,(0O)

The congruence topology on k has as a base of open neighbourhoods of 0 the
set of all non-zero ideals of O. The congruence topology on M, (k) = k™ s
then the product topology, and the congruence topology on GL, (k) (and on
any closed subgroup) is the one induced by that on M, (k). This means that a
base of neighbourhoods of 1 is the set of subgroups GLg(k) N (1, + M,,(I)) with
I a non-zero ideal of O.
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More generally, for any set S of prime ideals, we define the S-congruence
topology by taking only ideals that are products of prime ideals not in S; equiv-
alently, we can take as a neighbourhood basis the set of all non-zero ideals
of Os.

It is easy to see that the congruence topology on k and hence on M, (k)
is Hausdorff: if x # y are two elements of k, then there is an ideal I of O
such that  —y € I and hence (x + I) N (y + I) = 0. In fact, the congruence
topology on M,, (k) is finer than the Zariski topology as the following proposition
demonstrates.

Proposition 3.1. Let W be a k-defined Zariski closed set of M,(K) = K™
defined by an ideal T of polynomials in its n® coordinates. Then Wy, is closed in
the congruence topology of M, (k).

Proof. Let x € M, (k) be an element of the congruence closure of Wj. So for
any ideal I of O we have an element y € W} such that x =y mod I. Now let
p be a polynomial from T with coefficients in k. We may assume that up to a
scalar multiple, p has coefficients from O. But then p(x) = p(y) = 0 mod I, so
p(x) € I for any ideal I of O. This is possible only if p(x) = 0. Since this holds
for all polynomials p with coefficients in k, and since W is defined over k, we
deduce that x € W. 0

Example 3.2. Let £ = Q. Then any finite union or intersection of sets of the
form
{a +mZ} x {b+nZ} Cc Q* a,bym,ncZ

is an open set in the congruence topology of Q% but none of them is Zariski
open.

It is thus clear that the congruence topology on M, (k) has many more
closed sets than the Zariski topology. So a Zariski dense subset of matrices
may be rather ‘sparse’ in the congruence topology. From this point of view it
is indeed surprising that in the case of simple algebraic groups the property of
being Zariski dense has a rather strong implication for the congruence closure
of a subgroup. This is the main content of Theorem 5.1 below.

Valuations of k

For any prime ideal p of O, the p-adic topology is defined in the same way as
the congruence topology except that the ideals are only allowed to be positive
powers of p. The completion of k with respect to this topology is denoted &,
and the closure of O in k; is denoted O,.

The valuation v, on k, is defined by v,(a) = t where t € Z is the largest
integer such that p~fa C O, (if a # 0, one sets v,(0) = 00). Thus O, is the
valuation ring, consisting of all elements of k& having valuation > 0; this implies
that O, is a local ring, having pOQ, as its unique maximal ideal. (One often
associates to such a valuation v, the corresponding absolute value: |al, = ¢~ (@)
where ¢ = |O/p|, which is multiplicative.)
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Example 3.3 (The p-adic numbers). Take k = Q with a ring of integers Z. Let

p be a prime. The p-adic valuation v,(z) is the usual one where v, (z) = ¢ is the

largest integer such that = = p'a/b with integers a and b coprime to p. A base

for neighbourhoods of 0 in the p-adic topology on Q is the family of subgroups
1

{% | a,b€Z,(p,b) = 1}, l =1,2,.... The completion of Q with respect to

this topology is the field Q, of p-adic numbers. Inside @, we have the closure

Z,, of Z, which is the ring of p-adic integers. We can view Z, as a ring of infinite
power series in p

ap+ap+-+ap 4+, a;€{0,1,...,p—1}

with the obvious addition and multiplication. The finite such sums comprise the
subring Z. The unique maximal ideal is pZ, and every element x € Q, can be
written uniquely as x = p'y for some y € Z, \ pZ, and ¢ € Z.

In general, if p; is a prime ideal of O dividing p, then k,, is a vector space
over Q, of dimension e;n;, the number in (3.1) above.

The valuations v, for all prime ideals p of O comprise the non-archimedean
valuations of k. Now, suppose that the number field k£ has s embeddings v; : k —
R (i =1,...,s) and 2¢ non-real embeddings v;, 7; : k — C (j = s+1,...,s+1).
Composing these with the ordinary real or complex absolute value gives the set
Vs of s+t archimedean absolute values on k. For v € V,,, we put k, = R
or k, = C according to whether the corresponding embedding of k is real or
non-real.

The ring of S-integers has a more natural definition in terms of valuations

Os =kn (0.
pES

A word of warning: the notation Og can be a bit confusing: if S = {q}
consists of a single prime, then Oyqy is the ring of {q}-integers, while O, is the
completion of O at q. For example, Z,, = Z[1/p] C Q, while Z, is the ring of
p-adic integers.

3.3 Arithmetic groups

Suppose we are given a linear algebraic group G defined over k with a faithful
representation G — GL,,(K), also defined over k.

Definition 3.4. A subgroup I' of Gy, is called arithmetic if it is commensurable
with the group of O-integral points G¢ (in other words, I' MG has finite index
in both I and Gg).

It turns out that this definition is independent of the choice of k-defined
linear representation of G.

More generally, we can define the S-arithmetic subgroups of Gy as those
commensurable with Go,. When the set S has not been specified we shall
always assume that it is empty.
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The simplest examples of arithmetic groups are (0,+) and (O0* x), the
additive and multiplicative groups of the ring of integers of k. We thus see that
the study of arithmetic groups is a generalisation of classical algebraic number
theory.

One of the most general results about arithmetic groups is the following:

Theorem 3.5 ([16, Ch. 4]). Let T be an arithmetic subgroup of a k-defined
linear algebraic group G as above. Then I' is finitely presented and has only
finitely many conjugacy classes of finite subgroups.

For S-arithmetic groups, the above statement is still true, provided that G
is reductive.

Now an (S-)arithmetic group I' has its own (S-)congruence topology
induced from the (S-)congruence topology of GL,, (k). We call a subgroup A <T°
an (S-)congruence subgroup if it is open in this topology, i.e. if A contains a
principal congruence subgroup ' N (1, + M, (I)) for some non-zero ideal I of
(coprime to S). The congruence images T'/N of T are those with the kernel a
congruence subgroup N < T'.

Clearly, a congruence subgroup of I' has finite index, but the converse is
not true in general. When it does hold, i.e. if every subgroup of finite index
is a congruence subgroup, I' is said to have the congruence subgroup property
(CSP).

There is a neat way to state CSP in term of profinite groups. If X is an
intersection-closed family of normal subgroups of finite index in I', one defines
the X-completion of T' to be the inverse limit

Fy=1lm TI/N
—Nex
={(wW)~ex | pnm(yn) =y VN < M € X} < H I'/N,
Nex

where pyy 1 T'/N — T'/M denotes the natural quotient map for each N <
M. (With the topology induced from the product topology on the Cartesian
product, fx becomes a compact topological group, a profinite group).

A natural example of inverse limits is the valuation ring O,: for a prime ideal
p of O, the inverse limit

lim  O/p"0

“——neN
is isomorphic as a ring to the completion O, of O with respect to the p-adic
topology defined by the powers of the ideal p. This also shows that O, /p™0, is
isomorphic to O/p™0.

We are interested in two special choices for X. When X consists of all normal
subgroups of finite index, I'x = I' is the profinite_completion of I'. When X
consists of all the normal congruence subgroups, I'x = I' is_the congruence
completion of T'. There is an obvious natural projection # : I' — T', which is
clearly surjective.
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Now we can reformulate the congruence subgroup property as saying that
the map 7 is bijective. For many purposes, the following generalisation of CSP is
more relevant: the arithmetic group I' is said to have the generalised congruence
subgroup property (GCSP for short) if the kernel of 7 : T — T is finite. Group
theoretically, this says that any subgroup of finite index in I" is commensurable
‘with bounded index’ with a congruence subgroup. There is a famous conjecture
by Serre which characterises the S-arithmetic groups (in semisimple algebraic
groups) with GCSP as those having S-rank at least 2: see Section 4.1.

4 The strong approximation theorem

The congruence images of the S-arithmetic group I' = G are easier to under-
stand when G has the strong approzimation property. In order to explain this,
we need several more definitions.

Recall that k, and O, are the completions of k and O with respect to the
p-adic topology defined by powers of the prime ideal p < O. As usual we set
Gr, = G N My(ky) and Go, = G N M,(0Oy). The first of these is a locally
compact totally disconnected topological group and the second is a compact
subgroup. In fact, Go, is an example of a p-adic analytic group. We refer to
G, as the completion of G at p.

Similarly, if v is an archimedean real (respectively complex) absolute value
of k associated to an embedding v;, then we write G, for Gy (respectively
G¢') where G¥ < GL,,(C) is the group obtained by applying v to the defining
equations of the affine variety G.

The profinite groups G, are in close relationship with the congruence
images of Goy.

Recall that the algebraic group G is k-defined. It is easy to see that for
almost all prime ideals p, the coefficients of the equations defining G in GL,
are not, divisible by p. Therefore, we can consider these equations modulo p™ for
any n € N. Denote the set of their solutions in O/p” by Go/pn: this is a finite
subgroup of GL, (0/p™) and is called the reduction of G modulo p™. See [16,
pp. 142-146] for more details about reductions of affine algebraic varieties and
groups.

Now consider the quotient mapping

Op — 0p/p"0p >~ 0/p"0.
This induces a homomorphism
mpn o Go, = Go/pno-
The following is the content of Proposition 3.20 of [16].

Proposition 4.1. The maps my» are surjective for all but finitely many primes
p (and all integers n).
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We say that G has good reduction for such primes p.
Assume from now on that p is not in the finite set S. The restriction of my»
to its dense subgroup Goy < Go, is the homomorphism

Gos = Gog/pmos

obtained by reducing all entries of I' = Gy, < GL,(0g) modulo p™. So the
images of mp» are all congruence images of I'. What is not clear at this point
is how to combine these to describe the congruence images of I' at composite
ideals. This is the content of the strong approximation theorem below.

Define
Gs= [] Gox ][] G,

veEV peES

This is a locally compact group and the image of I in Gg under the diagonal
embedding in each factor is a lattice in Gg, i.e. a discrete subgroup of finite
co-volume. As a consequence, the arithmetic subgroup I' = Go, is infinite if
and only if the group Gg is non-compact.

Let
Gs, = I Go,-
pgsS

Again there is an obvious diagonal embedding i : ' — G@S and the congru-
ence topology of I' coincides with the topology induced in (I") as a subgroup of

the profinite group G@S. Hence the congruence completion I' is isomorphic to

the closure i(G) of i(G) in G . The strong approximation theorem states that

under certain conditions i(G) is dense in G _, and therefore [~ Go.

Theorem 4.2 (Strong approximation for arithmetic groups) ([16, Theorem
7.12]). Let G be a connected, simply connected, simple algebraic group defined
over a number field k and let the groups I' = Gog, Gs, G@S and the embedding
i:I'— G, be as above. Assume that T is infinite (which is equivalent to Gg

being non-compact). Then i(T') is dense in G, and hence I~ G,

When the conclusion holds, we say that Go, has the strong approximation
property, or that G has the strong approximation property w.r.t. S.

Note: Usually the strong approximation theorem is formulated for the group
of k-rational points G}, and says that G, is dense in the adelic group G 4; the
statement we have given above is equivalent to this (and more transparent for
arithmetic groups); see [16, Ch. 7.

More generally, a connected algebraic group G has the strong approximation
property if its maximal reductive quotient H = G/R,,(G) is a direct product of
simply connected, simple groups, and Hg is non-compact.

The strong approximation theorem can be viewed as a generalisation of
the Chinese remainder theorem, which in this setting says that the diagonally
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embedded image of Z is dense in Hp prime Zp- In the general situation, the theo-
rem says that the finite images of the product G Os coincide with the congruence
images of T

Note: The condition that G be simply connected is indeed necessary
(Exercise 8.10).

Set Fy(py where g(p) = |O/p|. Then Theorem 4.2 and Proposition 4.1 give:

Corollary 4.3. Under the hypotheses of Theorem .2, we have m,(T') = GF
for all but finitely many primes p ¢ S.

a(p)

In turn the groups G
Proposition 6.1 below.

For the moment we shall note case the relationship between G and H when
G = Ry, oH is a restiction of scalars of H.

. are easy to describe when G is semisimple, see

Proposition 4.4. Let k be a finite Galois extension of Q and G = Ry, oH be
the restriction of scalars of some Q-defined algebraic group H. Then for almost
all primes p

G]FP = H H]FQ(P) ’

plp
where the product on the right is over all prime ideals p of k dividing p.
Indeed, all but finitely many primes p are unramified in £ and therefore

0/p0 = HO/P = HFq(p)v

plp plp

where O is the ring of integers of k. The proposition follows immediately from
Gz = Hy and Proposition 4.1.
4.1 An aside: Serre’s conjecture

We now have most of the definitions to state Serre’s conjecture.

Definition 4.5. For a valuation v of k, the k,-rank of the topological group
G, is the largest integer n such that G, contains the direct product (k})". The
S-rank of an algebraic group G is

Z ky-rank of G,

vEVUS
where V. is the set of all archimedean valuations of k.
Conjecture 4.6 (J.-P. Serre). A connected, simply connected, simple algebraic

group G has the generalised S-congruence subgroup property if and only if the
S-rank of G is at least 2.
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For example, the group SL,,(Z) has CSP if n > 2 but not if n = 2.
Currently Serre’s conjecture is open for some groups of S-rank 1 and also
when G is a totally anisotropic form of A,,, see [16, §9.5].

5 Lubotzky’s alternative

It will be too much to expect that the strong approximation theorem holds for
linear groups in general, indeed it does not hold for algebraic tori. Nevertheless,
there is something that can be said when the group is non-soluble.

Theorem 5.1 (Nori [15], Weisfeiler [21]). Let A be a Zariski-dense subgroup of
a simply connected, Q-simple linear algebraic group G < GL,(C) and suppose
that A < Gz for some finite set of primes S. Let i : A — Gis be the diagonal

embedding. Then the closure i(A) of i(A) in Gis is an open subgroup of st.

It follows that for all but finitely many primes p, all the groups Gz pmz)
appear as congruence images of A.

There are several different proofs of this theorem. We shall sketch one of them
in Section 7. For the moment, let us assume this result and deduce Theorem
1.1. We restate it here:

Theorem 1. Let A < GL, (k) be a finitely generated linear group over a
field k of characteristic 0. Then one of the following holds:

(a) the group A is virtually soluble, or

(b) there exist a connected, simply connected, Q-simple algebraic group G, a
finite set of primes S such that I' = Gz is infinite and a subgroup A
of finite index in A such that every congruence image of I' appears as a
quotient of Ay.

Proof of Theorem 1. Suppose that we have a finitely generated linear group
A < GL,(C). Then in fact A < GL,,(J) for some finitely generated subring .J
of C.

Now the Jacobson radical (the intersection of the maximal ideals of .J) is
trivial and so J is residually a number field. Indeed, if m is a maximal ideal of
J, then J/m is a finitely generated algebra, which is a field. By Corollary 7.10
in [1] (‘The weak Nullstellensatz’), J/m is a finite extension of Q, i.e. a number
field.

Hence A is residually in GL,, (k;) for some number fields k;. Suppose that A
is not virtually soluble. By Lemma 1.3 it follows that there is ¢« € I such that
the image of A in GL,, (k;) is not virtually soluble. Replacing A with this image
we may assume that A < GL,, (k) for some number field k.

Consider GL,, (k) as a subgroup of GL,,4(Q) where d = (k : Q). Let G be the
Zariski-closure of A in GL,,4(K). This is a Q-defined linear algebraic group and
we take its connected component Gy at the identity.
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Let Ay = G9 N A. This has finite index in A and is Zariski-dense in Gg.
Since A is not virtually soluble, the connected algebraic group Gy is not solu-
ble. By Exercise 8.12, we see that there exists a connected, Q-simple algebraic
group G and a Q-defined epimorphism f : o — G. Now f(A;) is dense in G
and we may replace A by f(A;) and Gy by G to reduce the situation to where
we have a finitely generated Zariski-dense subgroup A < Gg of a connected,
@Q-simple linear algebraic group G. The main difference with the setup of
Theorem 5.1 is that G may not be simply connected. However, G is 1sogenous

to its simply connected cover G, i.e. there is a Q defined surjection 7 : G — G
where ker m = Z is a finite central subgroup of G.
It is not in general true that 7(Gg) = Gg but at least we have the following:

Proposition 5.2. The group G@/ﬂ(é@) is abelian of finite exponent dividing |Z|.

Proof. Let A be the Galois group of K/(@7 where K is the algebraic closure of
Q. Then GQ consists of all those g € Gy such that g* =g forall a« € A. On
the other hand, 7—!(Gg) consists of those g € G such that g% = g mod Z for
all « € A. Suppose that g, h € 771(Gg), thus ¢* = g and h* = h mod Z for all
o € A. Now using that Z is central in G, we see that [g, h]* = [¢°, h®] = [g, h]
and hence that [g,h] € é@. Let m = exp Z. In the same way we see that if
9% = g mod Z, then (¢™)* = ¢g" and therefore ¢™ € é@. So W_I(GQ)/éQ is
abelian of exponent dividing |Z| and this implies the proposition. O

Now take Ag = AN ’/T(é@); this is a subgroup of finite index in A
because A/A is a finitely generated abelian group of finite exponent. Let
Uy = 7 H(Ag) N é@, then Uy/(Up N Z) =~ Ap; Uy is a finitely generated lin-
ear group and thus it is residually finite. So we can find a subgroup U of finite
index in Uy such that U N Z = {1}. Then U is isomorphic to 7(U), which is a
subgroup of finite index in Ag and hence in A.

Now take Ay = 7(U) ~ U. Observe that U is Zariski dense in the connected,
simply connected, Q-simple algebraic group G.In addition, U is finitely gener-
ated and inside Gg. It follows that there is a finite set S of rational primes such
that U < GZS All the conditions of Theorem 5.1 are now satisfied with U and
G in place of A and G. Hence we deduce that the congruence completion of U
is an open subgroup of

Gs =[] Gz,

PES

This open subgroup projects onto all but finitely many of the factors in the
product Gg. So by enlarging S to some finite set S; we may ensure that the
congruence completion of U maps onto Hp€51 Gz,. Since U is isomorphic to
Ay, Theorem 1.1 follows.
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6 Applications of Lubotzky’s alternative

As noted in the introduction, Theorem 1.1 puts a substantial restriction on the
finite images of a linear group in characteristic 0. First we need to introduce the
finite simple groups of Lie type.

6.1 The finite simple groups of Lie type

For a detailed account of the material of this section, we refer to Carter’s
book [4].

The untwisted simple groups of Lie type are the groups L = G, /Z where
G is a simply connected Chevalley group defined over Z, and Z is the centre of
the group of rational points Gy, over the finite field F,. The type of L is just
the Lie type X of G.

The twisted simple groups arise as the fixed points L? of a specific automor-
phism o (of order 2 or 3) of some untwisted simple group L. Such twisted Lie
type simple groups are for example PSU,,(¢). The (untwisted) type of L7 is just
the Lie type of L. For example, the untwisted Lie type of PSU,,(q) is A,_1.

A finite group L is quasisimple if L = [L, L] and L/Z(L) is simple. Similarly
to the isogenies described in Theorem 2.18. the quasisimple finite groups break
up into families with the same simple quotient. The members of each family have
the same simple quotient, say S, and there is a largest member of the family
L, called the universal cover of S. All the other members of the family are the
quotients L/A where A < Z(S). The type (twisted or not) of a quasisimple
group is the same as that of its simple quotient.

6.2 Refinements

Let us return to Corollary 4.3. Recall that G was a simply connected, simple
linear algebraic group defined over an algebraic number field £ and I' = G,
for a ring of algebraic S-integers Og of k . The group I' then maps onto Gg
for almost all p & S.

a(p)

Proposition 6.1. Assume in the above situation that G is absolutely simple.
Then for almost all prime ideals p outside S the reduction Gg, ., of G modulo
p is a quasisimple finite group.

Now from the description of the k-forms of G it follows that G splits over
Fg(p) if and only if some specific polynomials in k[z] (depending only on G)
splits completely in linear factors in the finite field F ). The Chebotarev
density Theorem now implies that G]Fq(p) is an untwisted quasisimple group
for a positive proportion of the primes p of k.

Next consider the situation of Theorem 1.1. There we have a Q-simple
algebraic group G such that all congruence images of Gz, occur as quotients
of Ay. Now G may not be absolutely simple but in any case there is a finite
Galois extension k of Q and an absolutely simple k-defined group H such that
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G = Ry pH. Proposition 4.4 gives that for almost all rational primes p outside .S

G]FP = H H]Fq(lﬂ) ’
plp

where as before the product on the right is over all prime ideals p of k dividing
the (unramified) prime p. Note that the degree of IFy(,) over IF, is bounded by
(k: Q).

Therefore, Theorem 1.1 in combination with Corollary 4.3 gives:

Corollary 6.2. Suppose that I' < GL,,(K) is a finitely generated linear group
in characteristic 0 which is not virtually soluble. Then there is:

e q positive integer d,
e a Lie type X,

e for every prime p a finite field F,; of degree f < d over F, and a finite
simple group L(p') of Lie type over F,s whose untwisted type is X (e.g.
if X = A,_1, then L(p’) is either PSL,(pf) or PSU,(p?)), and

e a subgroup of finite index Ty in T,

such that T maps onto L(p?) for almost all primes p. Moreover, for a positive
proportion of these primes one has f =1 and the group L(p) is untwisted.

One consequence of this is that I' cannot have polynomial subgroup growth
because the Cartesian product Hp prime L(p) does not have polynomial subgroup
growth, see [12; Ch. 5.2] for details.

The untwisted type X of the simple groups L(p) is not completely arbitrary:
Let G be the simple algebraic group of type X as stated in Theorem 2.18. Then
G is an image of the connected component of the Zariski closure of I in G, (K).

There is one particular case when the group G is explicitly determined:
when T is a subgroup of GL2(C). Then the dimension of G is at most 4. On
the other hand, from the classification in Theorem 2.18 it follows that the only
simple algebraic group of dimension less than 8 is SLy. Therefore, we obtain
the following:

Proposition 6.3. A finitely generated subgroup I' of GLa(C) which is not vir-
tually soluble has a subgroup of finite index Ty which maps onto PSLa(p) for
infinitely many, in fact for a positive proportion of all primes p.

This result is used in [13] where the authors prove that any lattice A in
PSLy(C) has a collection {N;}; of subgroups of finite index such that (), N; =
{1} and A has property 7 with respect to {N;};. As a corollary, the authors
obtain that any hyperbolic 3-manifold has a co-final sequence of finite covers
with positive infimal Heegaard gradient.
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6.3 Normal subgroups of linear groups

A normal subgroup N of a finitely generated group of course does not need to
be finitely generated. So it comes as no surprise that when this happens in linear
groups we can put further restriction on the finite images of N.

Proposition 6.4. Let T" be a finitely generated linear group with o finitely gen-
erated normal subgroup A. Assume that A is not virtually soluble. Then there
exist a number C > 0 and a Lie type X with the following property: for infinitely
many primes p € N, the group A has a normal T'-invariant subgroup N with
A/N isomorphic to a direct product of at most k copies of the untwisted finite
simple group L(p) of type X over IF,,.

Sketch of proof. Using similar arguments to those in the proof of Theorem 1.1,
we can reduce to the case when I' < GLg(Q) for some integer d, and A is
Zariski dense in some absolutely simply connected, semisimple algebraic group
G < GLg4 defined over @ with isomorphic simple factors. Moreover, we have
I' < GL4(Zg) for some finite set of rational primes S.

Let ¢ be the number of simple factors of G.

As before for a rational prime p € S, let 7, be the homomorphism GL4(Zg) —
GL4(F,) obtained by reducing Zg mod p.

From Theorem 5.1 we deduce that for all but finitely many primes p outside
S one has m,(A) = Gr,= 7,(Gzg). Let M), = kerm, and N, = AN M,. Then
A/N, ~ G, is a central product of at most ¢ quasisimple groups of the same
Lie type as the factors of G. Also for infinitely many primes p, these factors are
untwisted quasisimple groups.

Now the only thing remaining is to observe that A, is normal in GL4(Zg)
and therefore N, = A N M, is invariant under T'. Hence Gr,/Z(Gr,) is the
required I'-invariant quotient of A. ([l

As suggested by Lubotzky, Proposition 6.4 may be relevant in the following
open problem:

Conjecture 6.5 (Formanek—Zelmanov). Let n > 2 and consider Aut(F,), the
automorphism of the free group on n free generators. If p is a complex linear
representation of Aut(F,,), then p(Inn(F,)) is virtually soluble, where Inn(F},)
is the subgroup of inner automorphism of F,.

6.4 Representations, sieves and expanders

Knowledge of (sufficiently many of) the finite images of finitely generated linear
group I' has had many uses. Below we list in brief some of these applications
without much detail. The interested reader is invited to look up the original
articles.

e In [9] Theorem 1.1 is applied to obtain information about the collec-
tion of degrees of irreducible representations of a finitely generated linear
group I'.
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e In [2] the authors use strong approximation to obtain sufficient conditions
when the images of a Zariski dense finitely generated subgroup of SL,,(Z)
produce a family of expanding Cayley graphs for the groups SL,(IF,).
These conditions have been verified recently in [3] and [17].

e In [10] it is proved that if I' < SL,(Z) is a finitely generated subgroup
which maps onto SL,,(IF,) for some prime p # 2, 3, n, then in fact I' maps
onto SL,,(FF,,) for almost all primes p. This is the content of Exercise 8.19.

e In [11] it is shown that the profinite completion of a finitely generated
linear group over a field of characteristic different from 2 or 3 which is not
virtually soluble cannot have finitely generated Sylow subgroups.

e In [18] the strong approximation theorem is used to prove that an arith-
metic group I' with GCSP which is a lattice in a higher rank semisimple
Lie group must always contain a free group which is dense in the profinite
topology of T'.

7 The Nori—Weisfeiler theorem

Our sketch of the proof of Theorem 5.1 follows the argument in [12, Window 9.

Suppose that I' < Gz, is Zariski dense in the simply connected, Q-simple
algebraic group G. Now G may not be absolutely simple, but in any case there
is a number field k and an absolutely simple group H defined over k such that
G = Ry o(H). We have Gg = Hy, and for each prime p

GZP - H Hopj ’
J

where pO = [[,pj’ is the factorisation of the principal ideal (p) in O. This
means that k ® Qp, = [[, kp,-

From now on assume that the prime p is unramified in %, i.e. all e; = 1.
In addition, assume that G has good reduction mod p. This holds for all but
finitely many rational primes p (see Proposition 4.1).

Since L(G) is Q-defined, we have that L(G)q, = L(G) ® Q. Therefore,
L(G)g, =11, L(H)kpj. Similarly, since p is unramified

L(G)p, = HL(H)O Jp, and (7.1)

G]FP = HHO/pj'
J

The group H is absolutely simple so for almost all primes p the Lie algebras
L(H)o/p, are simple and the groups Hy,, are quasisimple.
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Step 1: Let D, be the closure of A in the p-adic analytic group Gg,. Since A
is Zariski-dense in GG, then by Proposition 2.12 the Lie algebra of D is an ideal of
the Lie algebra L(G)q, of Gg,. But A < Gq, so the Lie algebra L(D,) is defined
over Q. Hence the projections of L(D,) in each of the factors L(H);CPJ of L(G)q,
are isomorphic. So for almost all primes p we have L(D,) = L(G)q, which means
that D, is an open subgroup of Gg, for almost every p (see Proposition 2.13).
In fact, since we are assuming p ¢ S, we have A C Gz,, and so D,, is an open
subgroup of the compact open subgroup Gz, .

Next we want to prove that for almost all primes p, our group A is dense
in GZP.

Step 2: For almost all primes, the Frattini subgroup of Gz, is contained in
the kernel of Gz, — G, . It follows that a subgroup A is dense in Gz, if and
only if A maps onto G,. This is proved in [12, Window 9, Proposition 7] using
the structure of the finite images of the p-adic analytic group Gz, .

Step 3: We shall prove that D, = Gz, for almost all primes p. By Step 2 it
is enough to show that A maps onto G, for almost all primes p.

Let m, be the projection of Gz, onto Gy, and further let 7; and 7; be the
projections of Gz, and L(G)z, onto their direct factors He,,, and L(H)gy,
respectively.

At this stage we need the following:
Proposition 7.1. Let I' be a subgroup of Gr, such that:
(a) for all j, the image m;(T') of T' in Hy,,, has order divisible by p, and

(b) every subspace of L(G)r, invariant under T' is an ideal.

Then provided p is sufficiently large compared to dim G we have I' = GF,,.

Let us check that the conditions (a) and (b) above are satisfied for the group
mp(A) < Gy, , for almost all primes p.

Suppose that (a) fails for a set A of infinitely many primes. Then there is
J = jp such that m; (A) has order coprime to p and so is a completely reducible
subgroup of GL,,(F,), where n depends only on G and not on p. A variation
of Jordan’s theorem [8] then says that there is a number f = f(n) such that
7 »(I") has an abelian subgroup of index at most f.

Since the set A of rational primes is infinite, we have

GZS N m kerwjp = {1}

peEA

This implies that A itself is virtually abelian (it is finitely generated so it
has only finitely many subgroups of index at most f(n)). But A is Zariski-dense
in the Q-simple algebraic group G: contradiction.

So condition (a) of Proposition 7.1 holds for almost all primes.

Condition (b) is immediate: H is absolutely simple and so for almost all primes,
each of the L(H)g/p, is a simple module for Hg . Since A is Zariski-dense in
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Hy,, the group Ad(A) spans Endy, L(H ), and so for almost all primes, Ad(m;(A))
spans Endg, L(H)g/p,- This means that each summand L(H)g/p,, of L(G)r,
is a simple module for m,(A). So the decomposition of L(G)r, into minimal
Lie ideals is also a decomposition into irreducible Fym,(A)-modules. So every
irreducible module for 7,(A) in L(G)g, is an ideal, proving that (b) holds.

Step 4 We now know that the closure A of A in G5 =[],z Gz, projects
onto all but finitely many of the factors Gz,. Now it is easy to show (see Exercise
8.16) that in this case A contains their Cartesian product. Combined with Step
1 (which says that A projects onto an open subgroup in each of the remaining
factors) we easily see that A is open in G-

7.1 Unipotently generated subgroups of algebraic groups
over finite fields

There are now at least three different proofs of Proposition 7.1. One is by
Matthews, Vaserstein and Weisfeiler [14]; it uses the classification of the
finite simple groups to deduce properties of a proper subgroup of G, < GL,(F)
which are incompatible with (a) and (b).

There is also a proof using logic by Hrushovski and Pillay [6].

We shall focus on the original proof by Nori [15]. It studies unipotently
generated algebraic groups and their Lie algebras in large finite characteristic
p. This is motivated by the construction of the Chevalley groups described in
Section 2.5. Recall that the adjoint Chevalley group G is generated by certain
automorphisms exp(ad(z)) for certain ad-nilpotent elements z of the Lie algebra
of G. If we fix such an element z, then the set

{exp(ad(tz)) | t € K}

is a unipotent subgroup of G and is isomorphic to G

Nori generalises this situation in two directions: he proves an analogue of
this not just for algebric groups but for Zariski-dense subgroups of GL,(F,)
and, secondly, he does this not just in the algebraic closure E‘T, of F,, but in the
finite field F), (provided p is large enough compared to n).

The details are as follows:

For a group I' < GL,,(F,), let I'" be the subgroup generated by its unipotent
elements. When p > n these are just the elements of order p in I'. Similarly,
for an algebraic group G < GL,,(K), let GT be the subgroup generated by its
unipotent elements.

Now for an element g € GL,(F,) of order p, let X, be the unipotent
1-dimensional algebraic group over F,, generated by g. In other words, define

Xg—{gt =3 (- ter},
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where F, is the algebraic closure of F,. Note ‘that X, is defined over F,, and is
isomorphic to the additive group of the field F,,.
Now, given I' < GL,,(F,), define the algebraic group T'= T'(I') as

T=(X,|VgeT,¢"=1) <GL,(F,).

Recall that the subgroup generated by a collection of closed connected subgroups
is closed and connected, so T is indeed a connected algebraic group. Observe that
since X is the smallest connected algebraic group containing g and g € GF,, it
follows that X, < G and hence T' < G.

Nori’s main result is that in the above setting we have

r+ = (T]Fp)Jra

provided p is large enough compared to n.
Now, it is known that for large primes p one has

(T]Fp)"‘ =TF,.

So ' is the group of F,-rational points of the connected algebraic group 7.

Now, suppose that condition (b) of Proposition 7.1 holds. Clearly, I' nor-
malises the algebraic group T' < G since (X,)? = Xgv for any v,g9 € T’ with
g? = 1. Therefore, the Lie algebra L(T) < L(G) of T is normalised by T.

It follows that the subspace L(T)r, of L(G)p, is invariant under I" and so
by assumption (b) of Proposition 7.1 it is an ideal of L(G)r,. Not only that,
L(T) is defined over F,, and so its projections on the direct factors of L(G) are
isomorphic. In the same way as in Step 1 above we deduce that L(T) = L(G)
and since both G and T' < GG are connected we have T'= G. So

P>T%=Tp =Gp, >T

giving that I' = G, as required.

8 Exercises

Exercise 8.1. Show that every open set in K" can be regarded as closed affine
set in some K™, m > n.

Exercise 8.2. Prove that dim V for an irreducible affine variety V' is the largest
d such that we can find a chain () # V; C Vo C -V C V of distinct irreducible
closed subvarieties V; in V. You may use any of the equivalent definitions of
dim V' in Section 2.1.

Exercise 8.3 (This is Proposition 2.2). Show that each affine variety is a com-
pact topological space and that in fact it satisfies the descending chain condition
on closed subsets.
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A subset X C V of an affine variety V is constructible if it can be obtained
from the open or closed subsets of V' by a finite process of forming unions and
intersections. A theorem of Chevalley says that an image of a constructible set
under a morphism of varieties is constructible.

Exercise 8.4 (see [20, Lemma 14.10]). Prove that a constructible (abstract)
subgroup H of a linear algebraic group G is in fact closed, and so is algebraic.
Deduce with Chevalley’s theorem that an image of an algebraic group under a
homomorphism is an algebraic group.

Exercise 8.5 (see [20, Lemma 14.14]). Let G be a linear algebraic group
and (X;);er be a family of constructible irreducible subsets of G each con-
taining the identity. Show that X; together generate a closed irreducible sub-
group of G. Hence deduce that if G is connected, then the derived subgroup
G’ = ([z,y]| =,y € G) is both closed and connected.

Exercise 8.6. Suppose that k/kg is a finite extension of fields and H =
R /iy (G). Show that H is K-isomorphic to

G x G9% x -+ x G,

where o; are all the embeddings of k in K which fix the elements of &y, and
G is the algebraic group defined by the ideal 9% where the ideal I defines
G = V(I) as a variety in M, (K). Hint: use the map A\ on page 70 and the
isomorphism (2.1).

Exercise 8.7. Let G be the multiplicative group of norm one quaternions
defined over Q. For example, we can take G in its left regular representation

a —b —c —d

=l e d el e e 2o
c —d a b
d ¢ =b

Show that G is Q(#)-isomorphic to SLy but it is not Q-isomorphic to it. Hint:
send the 4 x 4 matrix with first column a, b, ¢, d as above to

a+1ib —c+id

c+id a—ib )’
Exercise 8.8. Show that if G = SL,,(K), then L(G) = sl,,(K), the Lie algebra
of matrices of trace 0 in M,,(K).

Exercise 8.9. Show that I' = SLy(Z) does not have the generalised congruence
subgroup property. You may use that I has a non-abelian free subgroup of finite
index.

Exercise 8.10. Show that SL,(Z) has the strong approximation property.
(Hint: use the fact that for a finite ring R the group SL,,(R) is generated by
elementary matrices.)
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Exercise 8.11. Show that PGL3(Z) fails to have the strong approximation
property (as an arithmetic subgroup of G = PGLy).

Exercise 8.12. Show that if a connected linear algebraic group G is not soluble,
then it maps onto a simple algebraic group. (Hint: let M = Rad G be the soluble
radical of G. Then G/M is semisimple.)

Exercise 8.13. Suppose that I' is a Zariski-dense subgroup of a connected
algebraic group G and that A is a subgroup of finite index in I". Show that A
is also Zariski-dense in G.

Exercise 8.14. Suppose that G < GL,,(K) is a connected algebraic group with
a normal subgroup N, which preserves a 1-dimensional subspace (v). Show that
either N acts as scalars or else GG stabilises a non-trivial subspace of K.

Exercise 8.15. Show that a connected soluble algebraic group G' < GL,(K)
has a common eigenvector. Deduce that G is triangularisable and hence prove
Theorem 1.2. (Hint: use Exercise 8.14 with G’ in place of N.)

Exercise 8.16. Suppose that L is a closed subgroup of K = HpeA G, for some
set A of primes, where GG is a connected, simply connected, Q-simple algebraic

group.

(a) Show that if p is sufficiently large, then if L maps onto the direct factor
Gz, of K it in fact contains it.

(b) On the other hand, if A is finite set of primes and L maps onto an open
subgroup of each factor Gz, of K, show that then L is an open subgroup
of K.

Exercise 8.17. Show that for any algebraic group G in characteristic 0 the
group G generated by its unipotent elements is connected. (Hint: use Exercise
8.5)

Exercise 8.18. Using Theorems 2.25 and 2.18 show that if a connected alge-
braic group consists of semisimple elements, then it is a torus. (Hint: a non-
trivial semisimple group contains a copy of SLa or PSLs.)

Exercise 8.19 (see [10]). Let n > 1 be an integer. Show using the strong
approximation theorem that there is a finite set A of rational primes with the
following property: if S C SL,,(Z) is a subset whose image generates SL,, (IF,,) for
some prime p ¢ A, then for almost all primes ¢ the image of S in SL,,(F,) gen-
erates SLy, (F,). Generalise this to any connected, simply connected, absolutely
simple group G defined over Z.
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Chapter 111

A newcomer’s guide

to zeta functions of groups
and rings

by Christopher Voll

1 Introduction

1.1 Zeta functions of groups

A finitely generated group G has only finitely many subgroups of each finite
index. Denoting, for m € N, by a,, = a,,(G) the number of subgroups of index
m in G, we define the subgroup zeta function of G as the formal Dirichlet series
encoding these numbers

als) =Y amm ™= Y |G:H|" (1.1)

H<;G

Here s is a complex variable.

Over the last few decades, zeta functions have been developed into a major
tool in the study of groups with ‘slow’ subgroup growth. Zeta functions of groups
share a number of key properties with classical zeta functions in number theory,
algebraic geometry and combinatorics. These include, for instance, the Dedekind
zeta functions of number fields, the Hasse—Weil zeta functions associated to
algebraic varieties over finite fields and generating functions enumerating in-
tegral points of rational polyhedral cones. An important feature in the theory
of zeta functions of groups is the fact that much of it may be ‘linearised’ by
passing to suitable Lie rings. This is one motivation for studying zeta functions
of rings (of finite additive rank) counting subrings of finite index. The idea to
study groups via associated Lie rings or algebras is, of course, a very general
one. It also lies at the heart of the subject matter in Chapter I.
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100 Chapter I11. Zeta functions of groups and rings

In the current chapter, we present a number of key features and results
in the theory of zeta functions of groups and rings, including Euler products,
analytic properties, rationality results and local functional equations. We aim
to introduce the reader to some of the key techniques used in the area, including
tools from p-adic integration, algebraic geometry and combinatorics, exploring
some of the connections with classical zeta functions mentioned above.

We say that a finitely generated group G has polynomial subgroup growth
(PSG) if the sequence

Sm 1= $m(G) == Z a;
i<m

is bounded by a polynomial in m. It is a fundamental fact from the theory of
Dirichlet series that the formal series (1.1) converges on some right-half plane
of complex numbers if and only if G has PSG. For such a group, the abscissa
of convergence o(G) of (1.1), i.e. the infimum of all @ € R such that (g(s)
converges on {s € C | Re(s) > a}, determines the exact degree of polynomial
subgroup growth of G: we have s,,(G) = O(1 + m®(@+) for every ¢ € Ry.
A classical reference on Dirichlet series is [23]. See [1, Chapter 11] for a more
modern treatment.

The degree of subgroup growth of any PSG group G is the same as the degree
of subgroup growth of G/R(G), where R(G) := [y, N, the finite residual of
G, is the intersection of the group’s normal subgroups of finite index. In studying
subgroup growth, we may thus assume without loss of generality that the group
G is residually finite, i.e. that its finite residual is trivial. Finitely generated,
residually finite groups of polynomial subgroup growth have been characterised
as the virtually soluble groups of finite rank; cf. [37]. The importance of the
arithmetic function m — a,,(G) in this context is already emphasised in [43].

The class of finitely generated, residually finite PSG groups includes the
class of finitely generated, torsion-free nilpotent (or J-)groups. It was this class
of groups for which zeta functions were first introduced as a means to study
asymptotic and arithmetic aspects of the subgroup growth function; cf. [22].

Let G be a T-group. It is not difficult to see that, owing to the nilpotency of
G, the zeta function (z(s) has an Euler factorisation

()= [I ¢enls) (12)

p prime

into local (or Euler) factors (g ,(s) == Y oo auip~ ", indexed by the primes p,
enumerating subgroups of p-power index. These may also be interpreted as zeta
functions of the pro-p completions G'p Equation (1.2) generalises the familiar
Euler product for the Riemann zeta function

¢(s) := Z m~° = H Cp(s), (1.3)

where (,(s) := 1/(1 — p~®). While (1.3) reflects the Fundamental Theorem of
Arithmetic that every positive integer can be written as the product of prime
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powers in an essentially unique way, the identity (1.2) reflects the fact that every
finite nilpotent group is the direct product of its Sylow p-subgroups. In fact,
¢(s) is the zeta function of the infinite cyclic group, making (1.3) a special case
of (1.2). Indeed, it is well known that, for all n € N, there is a unique subgroup
of index n in Z, namely nZ. It is instructive to see how this generalises to abelian
groups of higher rank.

Example 1.1. For n € N| let Z" be the free abelian group of rank n. Then

Czn(s) = C(s)C(s = 1)+~ C(s = (n—1)). (1.4)

The monograph [39] contains no fewer than five proofs of this beautiful formula.
We will add another, new one, in Section 2.5. We observe that (1.4) allows us
to give precise asymptotic information about the numbers s,,,(Z") of subgroups
of index at most m in Z". Indeed, one can deduce from (1.4) that

$m(Z™) ~n(n)¢(n —1)...{(2)m" as m — oco.

Here ‘f(m) ~ g(m) as m — oo’ means that lim,, .., f(m)/g(m) = 1. For
example, using the identity ¢(2) = 72/6, we see that

s;m(Z?) ~ (72/12)m?  as m — oo.

1.2 Zeta functions of rings

By a ring we mean an abelian group of finite rank, written additively, carrying
a bi-additive product, not necessarily commutative or associative. We do not
assume the existence of a multiplicative identity. Given a ring L, its subring
zeta function is defined as the Dirichlet generating series

Co(s) = bum™= > [L:H[,
m=1 H<;L

where, for m € N, we denote by b, = by, (L) the number of subrings of index m
in L and s is a complex variable. (Note that, even if L is a ring with unity, we do
not postulate that a subring should contain the unity element.) By properties of
the underlying additive group of L — essentially the Chinese remainder theorem —
this zeta function also satisfies an Euler product decomposition

a@ =TI Gl (15)

p prime

into Euler factors (r,(s) := Y oqbyp %, enumerating subrings of finite
p-power index. It is worth pointing out that, for each prime p, the Euler factor
Crp(s) is the zeta function of the Z,-algebra L, := L ®yZ,,, enumerating subal-
gebras of finite index. Here Z,, is the ring of p-adic integers. We remark that the
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subring zeta function of a ring of additive torsion-free rank n always converges
on {s € C | Re(s) > n}, as the subring growth of L is bounded by the subgroup
growth of Z™. The degree of the latter is n; cf. Example 1.1.

We will see in Section 1.3 that the study of subgroup zeta functions of
nilpotent groups may — at least to a certain extent — be reduced to the study of
subring zeta functions of (nilpotent Lie) rings. A Lie ring is a finitely generated
abelian group with a bi-additive product [,] (called ‘Lie bracket’) satisfying the
Jacobi identity

Va,y,z € L [, [y, 2]] + [y, [z, 2]] + [z, [, 4] = 0
and, for all z € L, [z, 2] = 0.

Example 1.2. Let sl3(Z) be the Lie ring of traceless integral 2 x 2-matrices
with Lie bracket [z,y] := zy — yz. It has a Z-basis consisting of the matrices

= (5 0 = (0 0) =5 ),

They satisfy the relations [h,e] = 2e, [h, f] = —2f, [e, f] = h. A non-trivial
computation shows that, for every odd prime p, we have

Cﬁ[g(Z),p(S) = Cs[Z(Zp)(S) = Cp(s)Cp(s - 1)(;,,(28 - 1)<p(25 - 2)(:;1(35 - 1)71:
whereas, for p = 2, we have
Cs[z(z)’g(s) = Cﬁ[z(zz) (S) = Cz (S)CQ (8— 1)C2 (28— 1)C2 (28 — 2)(1+6 '2_25 —8- 2_38).
This was proved in [20]. We sketch an alternative proof in Section 2.6.

The lower central series of a Lie ring L is defined inductively via v, (L) := L,
Yi(L) := [yi—1(L), L] for i > 2. We say that a Lie ring L is nilpotent of class ¢ if
Yet1(L) = {0} but ~.(L) # {0}. For example, a Lie ring is nilpotent of class 1
if and only if it is abelian, and nilpotent of class at most 2 if and only if the
derived ring is central, i.e. if L' := vo(L) < Z(L).

Example 1.3. The Heisenberg Lie ring
L= (z,y,z| [xvy] =2z, [m,z] = [y,z] =0)
has Z-rank 3 and nilpotency class 2. It can be shown that
Ce(s) = ¢()¢(s — 1)¢(2s — 2)¢(2s — 3)¢(3s — 3) 7. (1.6)

This was first proved in [22]. We establish (1.6) in Proposition 2.12 and sketch
another proof in Section 2.6.
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1.3 Linearisation

Whilst it is possible to analyse the Euler factors of subgroup zeta functions of
nilpotent groups directly (cf. [22, Section 2]), it is often useful to exploit the
fact that the study of subgroup growth of nilpotent groups can be linearised,
i.e. reduced to the study of subring growth of suitable (nilpotent Lie) rings
associated to these groups. Let G be a T-group. The Mal’cev correspondence
assigns to G a Q-Lie algebra L = L(G) which contains a Lie subring L = L(G)
such that L = L ®z Q. The dimension of L as a Q-vector space, and thus the
torsion-free rank of L as a Z-module, coincides with the Hirsch length h(G) of
G, the number of infinite cyclic factors in a polycyclic series for G. It can also
be shown that L is nilpotent of class ¢, where ¢ is the nilpotency class of G. The
ring has the property that, for almost all (i.e. all but finitely many) primes p,
one has

Cap(s) = Crp(s)- (1.7)

See [22, Section 4] for details. The exclusion of a finite number of primes is
a recurrent phenomenon in the theory of global zeta functions associated to
groups and rings.

If G is nilpotent of class 1, i.e. abelian, there is of course nothing to do: we
choose (L,+) = (G,-), with trivial ring structure. If G is nilpotent of class 2,
ie. if G’ < Z(G), we may choose, as an alternative to the Lie ring provided by
the Mal’cev correspondence, the Lie ring

L= Z(G) & G/Z(G), (1.8)

with Lie bracket induced from taking commutators in G. It satisfies the identi-
ties (1.7) for all primes, and hence (g (s) = (1(s) in this case.

We illustrate the passage from nilpotent groups to nilpotent Lie rings with
an important and prototypical example and some of its generalisations.

Example 1.4. The group

G =

S O =
o~ N

Z
Z
1

is called the discrete Heisenberg group of 3 x 3-upper-unitriangular matrices.
It can easily be seen to be of Hirsch length 3 and nilpotent of class 2. In fact,
its centre Z(G) coincides with the derived group G’, which is the infinite cyclic
subgroup generated by the matrix

1 0 1
01 0
0 0 1

It is not hard to see that the Lie ring L constructed in (1.8) is isomorphic to
the Heisenberg Lie ring from Example 1.3.
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Example 1.5. The Heisenberg group has many aspects that may be gener-
alised. For instance, it is the free nilpotent group of nilpotency class 2 on two
generators. In general, given integers ¢, d > 2, the free nilpotent group F. 4 on
d generators and nilpotency class ¢ may be defined as the quotient

Feq:=Fi/vet1(Fy)

of the free group Fy on d letters by the (¢+ 1)th term of its lower central series.
For d > 2, the group F5 4, for example, has a presentation

F2,d - <$17---7$d7y1279137-~~»yd—1d |
Vi <o olwi,m] =y, VEVI < o ok, y5] = 1).

The associated Lie rings Ly 4 have analogous presentations.

Computing explicit formulae for subgroup zeta functions of groups is in
general very difficult, even if the groups have quite a transparent structure. For
the zeta functions Cr, ,(s), explicit formulae are only known for the cases (1, d),
d € N (cf. Example 1.1), and (c,d) € {(2,2),(2,3),(3,2)}. For example

(o 5(5) = Cz3(5)C (25 — 4)¢(2s — 5)((28 —6)((35 —6):
((3s = T)¢(3s = 8)¢(4s — 8)"" [ Was(p.p™),

p prime

where

Wos(X,Y) =14+ X3Y?2 + X*V2 4+ X5Y? - X3 - X°y3
_ X6Y3 _ X7Y4 _ ng4 _ X10Y5 _ X11Y5
_ X12Y5 +X11Y6 +X12y6 +X13Y6 +X16Y8'

see [21, 2.7.1].

We have seen that the theory of subgroup zeta functions of nilpotent groups
can, to a great extent, be reduced to the study of the subring zeta functions
of nilpotent Lie rings. It is worth recalling, however, that the theory of zeta
functions of rings we are about to present applies to much more general rings.

1.4 Organisation of the chapter

In these notes we concentrate mainly on zeta functions associated with rings
and nilpotent groups. In Section 2 we review some of the methods available to
study local and global aspects of these functions, focussing on zeta functions of
rings. By the linearisation results outlined in Section 1.3 these methods yield
also theorems about zeta functions of T-groups. We put particular emphasis on
connections with the theory of linear homogeneous diophantine equations and
on local functional equations.

Some of the manifold generalisations and variations of the concept of the zeta
function of a nilpotent group or a ring are reviewed in Section 3. In Section 3.1
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we briefly discuss ideal zeta functions of rings and normal zeta functions of
nilpotent groups. These may be closest to the classical number-theoretic
analogues of zeta functions of groups and rings. Section 3.2 gives an exposi-
tion of some recent developments in the theory of representation zeta functions
of groups, focussing on finitely generated nilpotent, semisimple arithmetic and
compact p-adic analytic groups. In Section 3.3 we point to a few variations of
the counting problems discussed in these notes. They include subgroup zeta
functions of compact p-adic analytic groups and an application of the theory of
normal zeta functions of nilpotent groups to the enumeration of finite p-groups.

In Section 4 we present a collection of some major open questions and con-
jectures in the area.

There are a number of introductory and survey texts on zeta functions of
groups. The texts [39, Chapters 15 and 16], [15] and [19, Chapter 9] provide
further and complimentary reading.

We use the following notation:

N the set {1,2,...} of natural numbers
I =1{i1,...,i1}< the finite set of natural numbers i; < --- < g,
Iy the set TU {0} for I C N
S the symmetric group on n letters
M* the transpose of a matrix M
Ly, the ring of p-adic integers
Qp the field of p-adic numbers
Up the p-adic valuation
[ 1p the p-adic absolute value,
defined by |z[, := p~ @ for 2 € Q,
[A] the homothety class QA of a (full) lattice A in Q}
Given a ring R, r € N, a set f C R[z1,...,z,] =: R[x] of polynomials and a

polynomial g € R[x], we write ¢gf for {¢gf| f € £} C R[x], and (f) < R[x] for the
polynomial ideal generated by f.

Acknowledgements. 1T am indebted to Mark Berman, Benjamin Klopsch and
Alexander Stasinski, whose careful comments greatly improved these notes.

2 Local and global zeta functions of groups and
rings

Let L be a ring of finite additive rank. By convention we will, in this section,
use the term ‘zeta function of L’ to refer to the subring zeta function of L.
Analogously, we refer to the subgroup zeta function of a group as its ‘zeta
function’.

By virtue of the Euler product (1.5), the problem of studying the zeta func-
tion (1, (s) is reduced to the problem of understanding the Euler factors (y, ,(s),
p prime, and the analytic properties of their product. The following are natural
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questions. What do the local factors (1, ,(s) have in common? What is their
structure? How do the local factors vary with the prime p? In the current sec-
tion we explore some of the existing methods to analyse local and global zeta
functions of rings and to address these questions.

2.1 Rationality and variation with the prime

In all the examples we have seen in Section 1 the local factors shared a number
S

of features. In particular, they were all rational functions in the parameter p—*.
This is no coincidence:

Theorem 2.1 ([22, Theorem 3.5]). Let p be a prime. The local zeta function
Crp(8) is a rational function in p=°, i.e. there is a rational function W,(Y') =

P,(Y)/Qp(Y) € QY) such that

CLp(s) = Wy(p™?).

The proof of this theorem uses deep results from the theory of p-adic inte-
gration which we survey to some degree below.

Theorem 2.1 asserts that the sequence (by,:(L)) of the numbers of subrings
of L of p-power index satisfies a strong regularity property. Indeed, a generating
function of the form »:° b, Y" is rational in the variable Y if and only if there
is a finite linear recurrence relation on the coefficients b,:. The length of this
recurrence relation is determined by the degree of the denominator polynomial.
The numerator polynomial determines when the recurrence relation sets in;
cf. [46, Theorem 4.1.1]. The numbers of finite index subalgebras of L,, are thus
already determined by the numbers of subalgebras in some finite quotient of L,,.

A priori, Theorem 2.1 does not give us any information about further prop-
erties of the rational functions W}, (Y"). In particular, it does not tell us how the
lengths of the relevant recurrence relations depend on the prime, or when they
set in. In the examples above we observe that the denominators are all of the
form JT,.,(1 — p®~%*) for non-negative integers a;, b; and a finite index set I.
This, too, is a general phenomenon.

Theorem 2.2 ([10]). For each n € N, there exists a finite index set I,, and
finitely many pairs (a;, b;)icr, of natural numbers such that, if L is a ring of
additive rank n, then for all primes p the denominator polynomial Q,(Y") € Q[Y]

in Theorem 2.1 can be taken to divide [[;c; (1 — plYbi),

Theorem 2.2 implies that the degrees in Y of the denominator polynomials
Q,(Y) are bounded when L ranges over all rings of a given rank n. In particular,
there is a uniform upper bound on the lengths of the recurrence relations satisfied
by the sequences (b,:(L)) for fixed L as p ranges over the primes. It also shows
that the coefficients of Q,(Y") are polynomials in p, so that the denominators
of the Euler factors are polynomials in p and p~°. The proof of Theorem 2.2
relies on non-constructive methods from model theory. No procedure is known
to describe explicitly (even just a reasonably small superset of) the factors of
the denominators of the local zeta functions of a given ring.
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The numerators of the Euler factors have, in general, a far more complicated
and interesting structure. In all of the examples we have encountered so far, the
coefficients of the polynomials P,(Y), too, were — at least for almost all primes
p — polynomials in p. It was known already to the authors of [22] that this is not
a general feature. Their paper contains examples of zeta functions of nilpotent
groups whose local factor at the prime p depends on how the rational prime p
factorises in a number field. The right framework to explain this phenomenon,
however, was not discovered until much later.

Theorem 2.3 ([17], Theorem 1.3). Let L be a ring. There are smooth algebraic
varieties Vi, t € {1,...,m}, defined over Q, and rational functions We(X,Y) €
Q(X,Y) such that, for almost all primes p,

CLpls) = ZCt(p)Wt(P,pfs), (2.1)
t=1

where ¢,(p) denotes the number of Fp,-rational points of Vi, the reduction modulo
pof V.

Our formulation of Theorem 2.3 given here follows from the original formu-
lation in [17] by the inclusion—exclusion principle. We will comment on the proof
of this theorem at the end of Section 2.4. Note that the reduction modulo p of
the varieties V; only makes sense for all but finitely many primes p.

In general, the numbers of F,-rational points of the reduction modulo p of
varieties defined over Q will not be polynomials in p, as the following example
shows.

Example 2.4. Let E be the elliptic curve defined by the equation y? = 2% — 2.

For an odd prime p, we denote by ¢(p) the number of Fj-rational points of E,
the reduction modulo p of F, i.e.

c(p) == H(m,y) € F§| y? =28 —m}’

It is not hard to show that, if p =3 mod (4), then ¢(p) = p. If, however, p = 1
mod (4), then ¢(p) = p — (7 + 7), where 7 is the complex number satisfying
p =77 and 7 = 1 mod (2 + 2i); cf. [29, §18.4]. The discrepancy with the
formula given in [29, §18.4, Theorem 5] comes from the fact that there ¢(p)
refers to the number of projective points of E, which includes also a point at
infinity; cf. Example 2.15. This should also have been taken into account in [19,
Example 1].

It is not clear a priori that varieties with such ‘wild’ non-polynomial
reduction behaviour can occur in the description of zeta functions of rings given
n (2.1). In [13, 14] du Sautoy gave an example of a class-2-nilpotent Lie ring
(or, equivalently, class-2-nilpotent group) whose local zeta functions involve the
cardinalities ¢(p) associated to the elliptic curve in Example 2.4. In particular,
he proved that the zeta function of this Lie ring is not ‘finitely uniform’. We
say that Cr(s) is finitely uniform if there are finitely many rational functions
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Wi(X,Y) € Q(X,Y), i € I, a finite index set, such that for every prime p there
exists an ¢ = i(p) such that ¢;,,(s) = W;(p,p~*). We say that (;,(s) is uniform
if it is finitely uniform for |I| = 1 and almost uniform if there exists a rational
function W (X,Y") such that (z, ,(s) = W(p,p~*) for almost all p. We revisit du
Sautoy’s example in Section 3, where we look at the ideal zeta function of this
particular Lie ring, counting ideals of finite index. For this variant, we give an
explicit formula for the local zeta functions, illustrating Theorem 2.3 (or rather
its analogue for ideal zeta functions of rings) in this particular case. At present,
however, no explicit formula for the subgroup zeta function {(s) is known.

For future reference, we study in some detail an important family of varieties
with ‘uniform’ reduction behaviour modulo p. It plays a key role in explicit
formulae for zeta functions of rings.

2.2 Flag varieties and Coxeter groups

Let n € N, k be a field and let V' denote an n-dimensional k-vector space.
For each 7 € {1,...,n — 1}, the set G,, ;(k) of subspaces of V' of dimension i
can be given the structure of a smooth projective variety over k, called the ith
Grassmannian variety of V. We define, for i € {1,...,n — 1}, the polynomial

i—1

<77)X =[x —1)/(x7 ~1) e Z[X].

1 ;
Jj=0

It is not hard to prove that |G, ;(F,)| = (T;)q. For example, the cardinality
|P"~1(F,)| of the n — 1-dimensional projective space of lines in [y is given by
(D, =@ =1)/(g=1)=1+qg+ - +q"".
More generally, let I = {i1,...,i;}< be a subset of {1,...,n—1}. A flag of
type I in V is a sequence (V;);ecs of subspaces of V satisfying
{0}V, CV,, & CV,, CV

- = =

and, for all ¢ € I, dimg(V;) = i. A flag is called complete if it is of type
I={1,...,n—1}. For every I C {1,...,n— 1}, the set of flags of type I can be
given the structure of a smooth projective variety over k. If k = F,, we obtain
the variety of flags of type I in Fy. We define the polynomial

<7fl)x - (Z)X <ili_ll)x = (Z)X € Z[X). (2.2)

One easily proves inductively that the number of flags of type I in Fy is given by
the polynomial (?)q, called g-binomial coefficient or Gaussian polynomial. For
example, the number of complete flags in F2 is (1+¢+¢*)(1+q) = 14+2¢+2¢°+¢°.

For further applications, we shall need an expression for the polynomials

(7) x in terms of Coxeter-group-theoretic notions.
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Definition 2.5. Let S,, be the symmetric group of n letters with standard
(Coxeter) generators s1,. .., S,—1. In cycle notation these are the transpositions
s;=(ii+1). Let w € S,,. The (Cozeter) length £(w) is the length of a shortest
word in the generators s; representing w. The (right) descent type is the set

Dr(w):={ie{l,....n—=1} w(i+1) <w(i)}.
It can be shown that
Dr(w)={ie{l,...,n—1}| l(ws;) < {(w)}.

Example 2.6. The element w = (1523) € S5 has length 7. Indeed, a shortest
word representing w is

598351545352S51.
The descent type of w is Dr(w) = {1,2,4}.

Proposition 2.7. Let g be a prime power. For all I C{1,...,n— 1} we have

(0 Z

WES,, Dr(w)CI

Proof. We first prove the proposition for I = {1,...,n — 1}. In this case,

({1 ”n_l}) is the number of complete flags (Vi)icq1,... n—1} in the finite vector
4

space 7. These may be viewed as the cosets GL,(F,)/B(F,), where B denotes

the Borel subgroup consisting of upper-triangular matrices in GL,,. It is well
known that the algebraic group GL,, satisfies a Bruhat decomposition

GL, = | J BuwB

weSy,

(where we identify permutations in S,, with permutation matrices in GL,,, acting
from the left on unit column vectors, say). Therefore

GLy(Fq)/B(Fq) = U B(Fq)wB(F,)/B(F,).
weSy,

The disjoint pieces Q,(Fy) := B(F,)wB(F,)/B(F,), w € S,, are called Schubert
cells; we refer the reader to [44, Chapter 8] and [40, Chapter 3] for further
details on flag varieties and Schubert cells. It can be shown that each Schubert
cell Q,(F,) is an affine space over Fy of Fy-dimension ¢(w). Indeed, a complete
set of representatives of B(F,)wB(F,)/B(F,), of size ¢“*), is obtained in the
following way: start with the permutation matrix corresponding to w. Substi-
tute an arbitrary entry in I, for each of the zeros of this matrix which is not
positioned anywhere below or to the right of a 1. We conclude that

<{1, - 1}>q = [ GLA(Fq)/B(Fy)| = wgg B(Fg)wB(Fy)/B(Fy)

Z |Qw(Fq)| = Z qdiqu(Qw(FQ)) — Z qﬁ(u}).

WESy weSy, wWESy,

This proves the proposition in the special case [ = {1,...,n —1}.
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Example 2.8. Let n = 5. The Schubert cell ,, indexed by the element
w=(1523) € S5 from Example 2.6 may be identified with the set of matrices of
the form

* % 1 0 0
* % 0 x 1
* 1 0 0 0],
* 0 0 1 0
1 0 0 O

where * may take any value in [Fy. Note that dimg, (Q,) = {(w) = 7.

For general I = {i1,...,i;}< C{1,...,n—1}, the quantity (?)q is the num-
ber of flags (V;)ier, dimg, (V;) = 4, in [F;. These are in one-to-one correspondence
with cosets GL,,(F,)/B;(F,), where B;(F,) is the parabolic subgroup consisting
of matrices of the form

Vi * * *
0 Yig—i, * *
0 0 0 e
with v; € GLZ(]FQ)
Among the Schubert cells Q,,(F,) which are being identified by passing to
cosets modulo Bj(Fy) there are unique ones of minimal dimension. It is not
hard to see that these cells are exactly the cells indexed by elements w € S,

with Dr(w) C I, and that they constitute a set of representatives for the cosets
GL,(Fy)/Br(Fg). We obtain

(7) =1CLuENBiE) = | U BE)wBE) B (F)
q we Sy

S e Y

wESy,Dr(w)CI wES,,,Dr(w)CI

This proves Proposition 2.7 in general. O

2.3 Counting with p-adic integrals

The idea to employ tools from the theory of p-adic integration to count sub-
groups and subrings is as old as the subject. It was first put to work in [22],
and has been further developed ever since; see, for instance, [17] and [47]. All
of the p-adic integrals used derive from Igusa’s local zeta function, which we
briefly review below. This will allow us to give a first proof of formula (1.4) for
the zeta functions of abelian groups. We will also show how a formulation in
terms of p-adic integrals enables us to express the local zeta functions of the
Heisenberg Lie ring (cf. Example 1.3) in terms of the generating function asso-
ciated to a polyhedral cone — or, equivalently, a system of linear homogeneous



2. Local and global zeta functions 111

diophantine equations — which we can evaluate to establish formula (1.6). We
return to generating functions of this kind in Section 2.4.

The p-adic integrals we consider are all variants of Igusa local zeta functions.
Important references for this important class of p-adic integrals are [9, 28]. Given
a polynomial f = f(x) € Z[z1,...,zn], [gusa’s local zeta function associated to
f is the p-adic integral

Z(s)i= [ 1l

Here, Z, are the p-adic integers, 1™ is the additive Haar measure on Ly,

normalised so that (™) (Z;L) =1, | |p denotes the p-adic absolute value and s
is a complex variable. For more background on the Haar measure on Zj, see,
e.g., [15, Section 1.6].

The local zeta function associated to f is a powerful tool to understand the
sequence (N,,), where, for m € Ny, we set

Np o= [{x € (Z/(p™))" | f(x) = O}].
These numbers may be encoded in a Poincaré series
Py(t) == Z p "Nt
m=0

The Poincaré series Py(t) is related to the p-adic integral Z;(s) via the formula

L—p~°Zs(s)

Py =~ (23)

Indeed, p~™™ N, is the measure of the set {x € Z2| v,(f(x)) > m} and thus
™ ({x € Zy| up(F(0) =m}) =p """ Now = p "D Ny,

Thus

NE

Zi(s) = Y '™ ({x € Zp| v(f(x)) = m}) p~*"

0

3
Il

M

(pfnmNm _ pfn(erl)Nerl) pfsm
0

p=°) = p° (Pr(p™) — 1)
—p")Pr(p™%) +p°,

Il
= 33

which is equivalent to (2.3). As an example we consider the integral

Z(s) = /Z |[5dp )
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associated to f(x) = . Observing that the associated Poincaré series equals

> 1
Pp*)=>Y (' )" = T et
m=0
we deduce that
1— —1
2(5) =yt = 1= p G (s + 1), (2.4)

We now explore how p-adic integrals may be used to count subgroups, by
giving a first proof of formula (1.4). We may consider Z™ as a ring with trivial
multiplication, so counting subgroups and counting subrings is the same thing
in this case. Owing to the Euler product (1.2) it suffices to prove that, for each
prime p, one has

Czn p(s) = ng (s) = Gp(8)Gp(s = 1) -+ Gp(s = (n —1)). (2:5)

The first equation is clear. For the second equation, assume that Z7 =
Zpe1 @ ... D Lyey as a Zy-module, and set I' := GL,(Z,). Subgroups of Ly,
of finite index may be identified with right I'-cosets of n x n-matrices over Z,
with non-zero determinant. Indeed, every such subgroup may be generated by n
generators, whose coordinates with respect to the chosen basis may be encoded
in the rows of an n x n-matrix over Z,. Two such matrices M; and Ms cor-
respond to the same subgroup if and only if there is an element v € I" such
that My = yMs. In fact, one sees easily that these matrices may be chosen to
lie in the set Tr,(Z,) of upper-triangular matrices over Z,, so that subgroups
H correspond to orbits UM =: M(H), where M € Tr,(Z,) N GL,(Q,) and
U:=TNTr,(Z,).

Now choose, for each H <y Zy, a representative My in UM, the U-coset in
Tr,,(Z,) corresponding to H. Notice that

|Z!: H| = |det(Mg)], ", (2.6)
and that
n .
pOM(H)) = 1 =p)" [] I(Mn)ul, (2.7)
i=1
(")
where g denotes the additive Haar measure on Tr,,(Z,) = Zp * /, normalised so

that p(Tr,(Z,)) = 1. We thus obtain a partition

Tra(Zy) = () M(H)UT(Z), (2.8)
H< 71

where Tr%(Z,,) denotes the set of n x n-upper-triangular matrices over Z, with
zero determinant. Note that Tt (Z,) has Haar measure zero. Using equations
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(2.6), (2.7), (2.8) and (2.4) we compute

Sz H|TT =) |det(Mp)l;
H

H<Z2
= > () u (M) TT 1Ml
H i=1

:Z(l_ ) nH|MH u|_2/ H|MH”| du
i=1

n

/ H‘Mu|s zdﬂ
Trn(Zp) ;21

DR | TR

p i=1
n

SRR |  ERTE
i=1

P

=1l =)+ 1),
i=1

which proves (2.5).

Note that we computed each of the local factors of (z»(s) by expressing it
as an integral over the affine space Try,(Z,) of upper-triangular matrices. The
integrand in this integral is a simple function of the diagonal entries of the
matrices. For arbitrary rings L, our above analysis carries through up to and
including equation (2.7). In general, however, not every coset UM corresponds
to a subring of L. We therefore need to describe conditions for such a coset to
define a subring.

Let us return to Example 1.4 of the discrete Heisenberg group. Its associated
Lie ring L has a Z-basis (z,y, z), with relations [z,y] = z, [x,2] = [y,2] = 0.
To compute the ring’s local zeta function at the prime p, we need to count
subalgebras in the Z,-algebra L,. The rows of a matrix M = (M;;) € Tr3(Z,)N
GL3(Q,) encode the generators of a full additive sublattice A of Z3 To determine
whether A is a subalgebra we need to check whether A2 C A or equivalently,
whether the lattice is closed under taking Lie brackets of its generators. In this
case it is easy to see that the only condition we need to check is

[Myyx + Moy + Mizz, Magy + Masz] € (M332)z,

Using the commutator relation [z, y] = z and the bilinearity of the Lie bracket [, ],
we see that this condition is equivalent to

M33 | M11M22. (29)

Note that this divisibility condition is equivalent to the inequality of p-adic
valuations
vp(Mss) < vp(Min) + vp(Mag).
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Setting V), :== {M € Tr3(Z,) | Mss | M11 Moz}, we thus obtain

CL,(s)= D |Lp:H|®

H<L,

3
(1 _ p71)73/ H |Mii|;7id‘u(6)
Ve i=1

=y /{ ey Il
xXe Pl T3|T122

_ Z (pfs)fm (plfs)mg (p27$)7n3.

{mENg| m3§m1+m2}

(3)

It is not hard to compute this sum directly; see Proposition 2.12. It is instruc-
tive, however, to observe that it may be interpreted as a generating function
associated to a system of linear homogeneous diophantine equations.

2.4 Linear homogeneous diophantine equations

Let r,m € Ny, let ® be an r x m matrix over Z and consider the system of linear
equations
da =0, (2.10)

where a' = (a1, ..., ay) € Z™ and 0 € Nj. The non-negative integral solutions
of (2.10) form a commutative monoid & := {a € Njj'| P = 0} under addition.
One approach to study this monoid is to investigate the generating function

E(X) = Eo(X) := Y X* € Q[[X]],
acé

where X = X{" -+ X2 is a monomial in variables Xi,..., X,,.

Generating functions of the form FEg(X) have been intensely studied by
Stanley and others; cf. [46, Chapter 4.6], [45, Chapter I]. It can be proved, for
example, that EFg(X) is always a rational function in the variables X1, ..., X,
with denominator of the form [Jgccp(p) (1 —X#B), where 3 ranges over the finite
set CF(E) of completely fundamental solutions to ® (compare with
Theorem 2.2!). Here, a solution B to (2.10) is called fundamental if, when-
ever B=~v+4d fory,0 €, v=24ord =7 Asolution 8 to (2.10) is called
completely fundamental if, whenever n3 = v + d for v, € € and n € N, then
~ =n13 for some 0 < ny < n.

We further write € := {a € N™| da = 0} for the semigroup of positive
integral solutions of (2.10) and consider the generating function

E(X) :=FEe(X):= > X* e Q[X]].
acé

The function E(X) is also rational in the variables Xq, ..., X,,. The following
result of Stanley is of importance in applications to zeta functions of rings,
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in particular the proof of local functional equations. We denote by 1/X the
vector of inverted variables (1/X7,...,1/X,,). We also write ¢ for the cone of
non-negative real solutions to (2.10) and set d := dimg(%).

Theorem 2.9 ([46], Theorem 4.6.14). Assume that € # @. Then
E(X)=(-1)¢E(1/X). (2.11)

Example 2.10. Taking » = 0, or ® the zero matrix, we obtain & = N{*, with
completely fundamental solutions {(1,0,...,0),...,(0,...,0,1)}, yielding

m m

E(X) = ZXQZH1—1Xi and E(X)= Zxaznlf"&.

aeNg =1 aeN™ i=1

Example 2.11. Consider the matrix ® = (1,1, —1,—1). It can be shown that
the (completely) fundamental solutions of the equation oy + g — ag — ay =0
are (1,0,1,0), (1,0,0,1), (0,1,1,0) and (0,1,0,1). Note that there is exactly
one non-trivial relation between these solutions

(1,0,1,0) +(0,1,0,1) = (1,0,0,1) + (0,1,1,0) (= (1,1,1,1)).

This can be used to show that
1 - X1 XoX3X,
(1—-X1X3)(1 — X1 X4)(1 — XoX3)(1 — X2Xy)'

Ep(X1, X5, X3, Xy) =

See [45, 1.11] for details.

Note that allowing inequalities rather than equalities in the system of equa-
tions (2.10) yields nothing more complicated. Indeed, an inequality may always
be expressed in terms of an equality by introducing a slack variable. The gen-
erating functions enumerating integral points in rational polyhedral cones — i.e.
intersections of finitely many rational half-spaces — may therefore be expressed
in terms of generating functions associated to linear homogeneous diophan-
tine equations. For example, we have m3 < mj + ms if and only if there exists
my € Np such that ms+m4 = my +ms or, equivalently, mq +ms—ms—my4 = 0.
We obtain the generating function enumerating non-negative solutions of the in-
equality by taking the generating function associated to the equality by setting
the variable corresponding to the slack variable to 1. From Example 2.11 we
get, for instance

> XM X2 X = Eg(X1, Xo, X3,1)
{mENg\ nz3§m1+m2}
1— XXX

- (1-X1X3)(1 = X1)(1 = XaX3)(1 — Xa) (2.12)

In Section 2.3 we showed how the local zeta functions of the Heisenberg
Lie ring can be expressed in terms of the rational function given in (2.12). We
summarise this result in:
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Proposition 2.12 ([22], Proposition 8.1). Let L be the Heisenberg Lie ring;
cf. Example 1.5. Then, for all primes p, the local zeta function of L equals

(L, (s)=FEa(p~%,p' %, p°7%.1)
1— p3738
(1=p=)(1—=p'=*)(1 —p?72*)(1 — p°=%)
= (p(8)Gp(s — 1)Gp(28 — 2)¢p(25 — 3)Gp(3s — 3)_1~
We have thus expressed the local factors of the zeta function of the
Heisenberg Lie ring in terms of the generating function associated with a linear
homogeneous equation or, equivalently, a rational polyhedral cone. The feasibil-

ity of this approach is a direct consequence of the divisibility condition (2.9). In
general, things are not that simple, as the following example shows.

Example 2.13. Let us reconsider the Lie ring sl3(Z) from Example 1.2. Fix a
prime p. It is not hard — and a recommended exercise — to show that the coset
UM of a matrix M € Tr3(Z,) encodes the coordinates of generators of a subring
of sly(Z,) if and only if

vp(Ma2) < vy (4M12Ma3),
vp(Maz) < v, (4M12Mssz) and
Up(MaaMssz) < vy, (M11M222 + 4Moo My3 Moz — 4M12M223);
of. [20].

In general, the condition for a coset to define a subalgebra may be described
by a finite number of inequalities in the p-adic values of polynomials in the
matrix entries. If, as is the case for the Heisenberg Lie ring, these polynomials
are monomials (cf. (2.9)), then the computation of the local zeta function reduces
to the computation of the generating function of a rational polyhedral cone or,
equivalently, a system of linear homogeneous diophantine equations.

Example 2.13 illustrates that the polynomials occuring need not be monomi-
als. In this case, a resolution of singularities — a tool from algebraic geometry —
may be used to remedy the situation. It allows for a partition of the domain of
integration into pieces on which the integral may be expressed in terms of gen-
erating functions of polyhedral cones. The pieces are indexed by the F,-points
of certain algebraic varieties defined over IF,,. These kinds of p-adic integrals,
called ‘cone integrals’, were introduced in [17]. A more detailed introduction to
cone integrals may be found in [19, Sections 4 and 5].

The description of local zeta functions of groups and rings in terms of cone
integrals has far-reaching applications for the analysis of analytic properties of
global zeta functions; cf. Section 2.7.

2.5 Local functional equations

The zeta functions of the rings we have presented so far as examples all share a
remarkable property: their local factors generically exhibit a palindromic sym-
metry on inversion of the prime p. More precisely, almost all of the Euler factors
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satisfy a local functional equation of the form

CL,I)(S) ‘p—’p*1 = (_1)apbicSCL,p(s):

where a, b, ¢ are integers which are independent of the prime p. In the present
section we explain and give an outline of the proof of the following theorem:

Theorem 2.14 ([47], Theorem A). Let L be a ring of additive torsion-free
rank n. There are smooth projective varieties Vi, defined over Q, and rational
functions Wi(X,Y) € Q(X,Y), t € {1,...,m}, such that, for almost all primes
p, the following hold:

(1 .
CLp(s) = th(P)Wt(p7P_s)7 (2.13)

where by(p) denotes the number of F,-rational points of Vi, the reduction
modulo p of V.

(2) Setting by(p~1) := p~ Vb, (p), the following functional equation holds:

n

CLp()lpopr = (=1)"p(2)775¢, 4 (s). (2.14)

Note that the advance of Theorem 2.14 over Theorem 2.3 consists in the
assertion (2.14). The notation ‘p — p~!’ needs some explanation. If b;(p) is
a polynomial in p, b;(p~!) is the rational number obtained by evaluating this
polynomial at p~!. This follows from the fact that the varieties V; are smooth,
projective varieties over finite fields. In general, the definition of b;(p~!) is moti-
vated by properties of the numbers of IF-rational points of such varieties, which
follow from the Weil conjectures. More precisely, let V' be a smooth projective
variety defined over the finite field IF,,. By deep properties of the Hasse—Weil zeta
function associated to V, there are complex numbers a,j, 0 < r < 2dim(V),
1 < j <, for suitable non-negative integers t,, such that the number by (p) of
[F,-rational points of V' can be written as

2 dim(V) ‘.
bv(p)= Y. (=" . (2.15)
r=0 j=1

Note that the numbers ¢, may well be zero; cf. the examples given in Section 2.2.
Furthermore, for each r € {0,...,2dim(V)} the multisets

pdim(V)
{onjl 5 € {1, tadimev)—r}} and { —|j€ {1,...,tr}}
rj
coincide. Thus
2dim (V)

tr
() =p V() = Y (D7) ayf
j=1

r=0
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may be interpreted as the expression we obtain by inverting the terms ay;
in (2.15) even if they are not, in general, powers of the prime p.

Before we give an outline of the proof of Theorem 2.14, let us revisit
Example 2.4.

Example 2.15. Let E denote the elliptic curve defined by the equation y? =

23 — z; cf. Example 2.4. For an odd prime p denote by b(p) the number of

projective points of E over Fp, i.e.
bp) = (w1 y: 2) € P2(F,)| g2 = 2 — 222}

Clearly, b(p) = ¢(p) + 1, where ¢(p) was defined in Example 2.4: we simply add
the point (0:1:0) ‘at infinity’. The results quoted there imply that

b(p) = 1+p ifp=3 mod (4) and
1= (r+7)+p otherwise,

where 7 = p. Note that this last equation implies that 7! = 7/p and 7! =
m/p, so that

b(P)pop-r =0 b)) =p 0 - (F+m) + 1) =1—(x""+7 ") +p !,

in the case that p=1 mod (4). If p=3 mod (4)
b(p)lp—pr =p~0(p) =p " (1+p)=p ' +1L

In the remainder of Section 2.5 we give an outline of the proof of
Theorem 2.14. For details the reader is referred to [47, Sections 2 and 3].
The proof falls into two parts. The first is of a combinatorial and Coxeter-
group-theoretic nature. It consists in proving the following general result about
generating functions. We recall the definition of the polynomials (7) ~ € Z[X]
given in (2.2).

Proposition 2.16. Let n € N and, let (Wr(p™°))rcq1,...n—13 be a family of
functions in p~*° with the property that

VIC{L,...,n=1}: Wi(p~*)lpepr = (D) W, (7). (2.16)
JCI

Then the function
—S n —S
W= S () wier) (217)
IC{1,...,n—1} Pt

satisfies
W) |popr = (1) pEW ().
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Remark 2.17. We do not need to specify the operation p — p~! in (2.16) at this
stage; the left-hand sides of these equations might well be defined in terms of the
right-hand sides. Further, we do not assume the functions Wy (p~*) to be rational
in p~*, or even in p and p~°. In practice, we will apply Proposition 2.16 to
families of rational functions W;(p~?), which are themselves of the form (2.13),
and we define p — p~! as in Theorem 2.14. What is understood, however, is that
the inversion of the prime extends linearly to W (p~*), and that (?)pfl lp—sp-1 =

(1),

Proof of Proposition 2.16. We utilise the Coxeter-group-theoretic description of
the numbers (?)p given in Proposition 2.7. Given I C {1,...,n—1} we write I°¢

for {1,...,n—1}\ I. It is a standard fact (cf. [27, Section 1.8]) that there is a
unique longest element wy € 5, namely the inversion such that, for all w € .S,,,

f(w) + tfwan) = tun) = (3 (2.18)

and

DR(’LU’UJ()) = DR(’LU)C. (219)

We also need the following lemma:

Lemma 2.18 ([51], Lemma 7). Under the hypotheses of Proposition 2.16 we
have, for all I C{1,...,n—1},

S W p ™y = (<1 S Wa(p).

ICJ IeCJ

Proof. We have

D Wi Ny = D DI W) = Y W),

I1CJ 1CJ TCJ RC{l,...,n—1}
say, where
= Y (DY = (i S
RUICJ TC(RUI)®

(=1)"=! ifRDIe,

0 otherwise.

— (_1)|RUI\(1 _ 1)\Ru1|° _ {

This proves Lemma 2.18. O
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Using (2.17), Proposition 2.7, (2.18), Lemma 2.18 and (2.19) we compute

Wo Ny = Y (;‘)pwp-%ﬁp_l

IC{1,...,n—1}

Z Z p Wi(p™*)lp—p—

IC{1,....,n—1} \wéeS,,Dr(w)CI

= 3 pB) e N W () ey

weSy Dpr(w)CI

(—1)”71]7(721) Z pff(wwo) Z W](pfs)

wESy Dr(wwo)CT

=) S e wip)

IC{1,....,n—1} \w€S,, Dr(wwy)CI

= ()" pEwp).

This proves Proposition 2.16. O

Remark 2.19. The proof of Proposition 2.16 generalises readily to general finite
Coxeter groups. In [33] this is used to study enumeration problems in geometric
algebra.

The second part of the proof of Theorem 2.14 consists in proving that the
local zeta function (j, ,(s) of a ring L of additive torsion-free rank n may be
written as

L=p™ ") W(p™),

where W (p~*) is of the form (2.17) for suitable (rational) functions W;(p~*),
satisfying the hypotheses (2.16) of Proposition 2.16. This requires both algebro-
geometric and combinatorial methods which are similar to but markedly differ-
ent from the ones used to study cone integrals. It may be instructive to see this
done in a familiar special case first.

Example 2.20. We will see in Example 2.21 that the local zeta functions of
the abelian group Z™ may be written as

1 X,
Gl =1y, 2 (?) =%

" IC{l,...,n—1} el

where, for i € {1,...,n}, X; := p"»=9)7%_ One checks immediately that the
functions

wip~*) =[] I i(X (2.20)

vel
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satisfy (2.16). Indeed, the operation p — p~! simply amounts to an inversion of

the ‘variables’ X;, as they are monomials in p and p~*, and

x-t 1 X
T—x 1 ( * ﬂ) -
More conceptually, the validity of the equations (2.16) may be regarded as a
consequence of Theorem 2.9 in the special case studied in Example 2.10, as we
may view Wy (p~*) as obtained from the rational generating function in variables
X, counting positive integral solutions of an (empty) set of linear homogeneous
diophantine equations in |I| variables, where the variables X; are substituted

by monomials in p and p~°. A variation of this basic idea is crucial for the proof
of Theorem 2.14.

Given a prime p, the zeta function ¢z, ,(s) enumerates full additive sublattices
of the n-dimensional Z,-algebra L, C L, ®z, Q, which are subalgebras, i.e.
which are closed under multiplication. It is easy to see that, given any full
lattice A, there is a unique lattice Ay in the homothety class [A] = QA of
A such that the subalgebras contained in [A] are exactly the multiples p™ Ay,
m € No. Indeed, given any sublattice A of L,, and e € Z, clearly (p°A)? C p°A
if and only if p®A? C A. Clearly, there always exists an integer ¢ satisfying this
condition. Let e := min{e € Z| p°A C L, and p°A? C A}, and set Ag := p°A.
Evidently, Ay only depends on the homothety class of A. We thus have

Ce,(s)=(1=p") 7' |Ly: Ao| ™
(Al

We set
W(p=*) =3 |Lp: Ao ™.
[A]

It remains to show that W(p~*) is of the form (2.17), with rational func-
tions Wr(p~*) to which Proposition 2.16 is applicable. We achieve this by first
partitioning the set of homothety classes of lattices into finitely many parts,
indexed by the subsets I of {1,...,n—1}, reflecting (aspects of) their elementary
divisor types. On each of these parts, we describe the indices |L, : Ag| in terms
of algebraic congruences, and then encode the numbers of solutions to these
congruences in terms of a suitable p-adic integral Wr(p~™*) so that the family
(Wr(p~™®))icqi,...n—1y satisfies the ‘inversion properties’ (2.16). The proof of
the latter requires sophisticated methods from algebraic geometry which we can
only sketch here.

The reader will note the analogy with the proof of equation (2.3) which also
proceeded by expressing the numbers of certain congruences in terms of the
Haar measure of suitable sets.

We recall from Section 2.3 that Z,-submodules of L, of finite index are
in one-to-one correspondence with cosets I'M, where I' = GL,,(Z,) and M €
Tr,(Z,) N GL,,(Q,); the rows of M encode coordinates of generators of A with
respect to a fixed basis (e1,...,e,) for L, as a Z,-module. For r € {1,...,n},
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let C). denote the matrix of the linear map given by right-multiplication with
the basis element e, with respect to this basis. It is not hard to show (cf. the
proof of [17, Theorem 5.5]) that the lattice corresponding to the coset I'M is a
subalgebra if and only if

Vi,je{l,....n}: My Cymyp € (My| k€ {1,...,n})z,, (2.21)
r=1

where M; denotes the ith row of M. This condition is easy to check if M is
diagonal; in this case, condition (2.21) is satisfied if, for all & € {1,...,n}, the
kth entries of all the vectors on the left-hand side are divisible by Mj, the
kth diagonal entry of M. In general, however, the coset I'M will not contain
a diagonal element. One way around this is to choose a different basis for L,,.
Indeed, by the elementary divisor theorem, the coset I'M contains an element
of the form Da~!, where a € I" and

D =D(I,rg) =p" diag(pzbef’”,...,pZLel'”,...,p”l,...,p”l,l,...,l)

i1

Zl,
foraset I ={i1,...,i}< C{1,...,n—1} and a vector (ro,7i;,...,74,) =:Tg €
No x N!, both depending only on T'M. Setting r := (r;,,...,7;,), we say that the
homothety class [A] of A is of type (I,r) or sometimes, by abuse of notation,
of type I. We write v([A]) = (I,r) or v([A]) = I, respectively. The matrix « is
only unique up to right-multiplication by an element of

Yiq * e * *
pnl * Via—i1
Fl,r = pra +rig plizx - * s
Yir—ii—1 *
pTil Tty p'ri2+"'+'r'il R pril * Vr—i,

where ; € I'; := GL;(Z,), and * stands for an arbitrary matrix of the appropri-
ate size with entries in Z,. As a corollary, we deduce a formula for the number
of lattices of given type (I,r)

HIAITv([A]) = (1)} = [T T

n e
—u)uitr) = (7)o,

p*l
(2.22)
Here, p1 denotes the Haar measure on the group I' normalised so that u(T') =
(1—p=1)---(1—p~™). It is a crucial observation that this Haar measure coincides
with the restriction of the additive Haar measure u(”2) on Mat,,(Z,) = Zf,
normalised so that u(”2>(Mat" (Zy)) = 1.
We denote by )\fj the structure constants of L with respect to the chosen

basis, i.e. eje; = Y_p_; Afjer, and define linear forms Li;(y) 1= >2,_; Aljur €
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Z[y]. We consider the n x n-matrix

R(y) = (Lij(y)) € Mat,(Z[y]).
Writing afi] for the ith column of the matrix a and setting R (a) =
a tR(afi]) (1) we may now, after right-multiplication by a, rewrite the sub-
algebra condition (2.21) equivalently to

as a quick calculation shows. Considering these matrix congruences modulo a
common modulus, equation (2.23) is equivalent to

Vi,r,s € {1,...,n}:
(R(i)(a))rsp,,-ﬁzsg,,e]T-L+Er9e,m+zl>beln =0 mod (pZLezﬂ), (2.24)
Setting, for (i,r,s) € {1,...,n}3
Virs (@) := min {vp ((R(L)(a))pa) |t <i,p>ro> s}

and

m([A]) ==

min Zr“ Z r, + Z r, + Z 7+ Virs ()] (7, 8) € {1,...,n}3 3,

el s<tel r<tel i>iel
(2.25)

condition (2.24) may in turn be reformulated as

ro= 3, - u([A]).
el

We observe that the definition (2.25) of the quantity m([A]) is in terms
which are linear in the (r,),c; and the terms v;,5(«), which only depend on o.
Moreover, by construction the v;.5(«) only depend on the coset aB, where
BCGL,(Z,) is the Borel subgroup of upper-triangular matrices. This is
the purpose of using inequalities rather than equalities in the definition of the
terms v;s(a). As in the proof of the identity (2.3), we may now express the
numbers of lattice classes [A] of given type v([A]) and invariant m([A]) in terms
of the Haar measure of the set on which the integrand of a certain p-adic integral
is constant. More precisely, we set, for (i,r,s) € {1,...,n}3

firs(Y) = {(:R(L)(y))pa| Lt < ivp >r,o 2> S}
and

Zr((s.)er, sn) =

Sn

/Zl FH |£E1,|ZL {H ;Cz} U U (H xf">T+6L>S+6L<i> firs(y) dxydy.
PZL %

el el (i,r,s) \t€I »

(2.26)
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Here we extend the p-adic absolute value to a set § of p-adic numbers by
setting ||8||, := max{|s|,| s € 8}, denote by dx; = dz;, - - - dz;, the Haar mea-
sure on pZ;7 and write dp for the ‘Kronecker delta’ which is equal to 1 if the
property P holds and equal to 0 otherwise.

This p-adic integral has been set up so that, for each I C {1,...,n — 1},

we have
—s n —s
> Ly Ao = (1> Wr(p™),

v([A)=I P!
say, where

_ Zi((s(t+n)—uln—1)—1),er,—sn)

W p s - ?
1) (1= p D)

so that

e =Y (?)plwpﬂ.

IC{1,.n—1}

We need to establish that the functions Wj(p~*) satisfy the inversion prop-
erty (2.16). Let us first confirm this in the abelian case.

Example 2.21. If L, is abelian, i.e. if the multiplication on L, is trivial, all
the sets of polynomials f;,.s are equal to {0}, so (2.26) takes the form

Z1((s) I,S):/ (|5 dx dy
L)Le (pr)leH tlp

el
—1—s,—s
S,+8n _ — p Lo
:M(F)H/ |25 "o de, = w(D)(1 — p 1)1Hm
ve1 Py el p
and thus
. pL(TL—L)—SL
Wl(p ) - 1— pl,('n,—ll)—SL’

vel

in accordance with (2.20). Of course, we could have deduced this immediately
from (2.22), avoiding any reference to p-adic integrals.

We note that in the formula (2.26), the variables x enter monomially. If the
same was true for the variables y, the inversion properties (2.16) would follow
from the following proposition, generalising a result of Stanley:

Proposition 2.22 ([47], Proposition 2.1). Let s,t € Ny and, for o € {1,...,s},
T € {1,...,t}, let Lyr(n) be Z-linear forms in the variables ny,...,n,. Let
Xq,..., X, Y1,..., Y, be independent variables and set
ZO(X,Y) — Z HX;LP H Y';nin{Lm-(n)\‘re{l,...,t}}7
neN” p=1 o=1

Z(X,Y) = Z ﬁ Xgﬂ H ngin{Lcr(n)\‘re{l,...,t}}.

neNj p=1 o=1
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Then
22X LY H=(-1)Z(X,Y).

For t < 1, this follows immediately from Theorem 2.9, as Z°(X,Y) and
Z(X,Y) may be interpreted in terms of the generating functions E(X) and
E(X), respectively, associated to the empty set of equations in 7 variables. The
general case follows from an adaptation of the proof of [46, Proposition 4.16.14].

In general, the inversion properties (2.16) can be proved by making the
integral (2.26) ‘locally monomial’ in the variables y. This is achieved by applying
a ‘principalisation of ideals’, a tool from algebraic geometry. More precisely, we
apply the following deep result to the ideal [; , o ey 15 (firs(¥)), defining a
subvariety of the homogeneous space X = GL,, /B.

Theorem 2.23 ([53], Theorem 1.0.1). Let J be a sheaf of ideals on a smooth
algebraic variety X. There exists a principalisation (Y, h) of I, i.e. a sequence

X=X, x, — .. ox, e x —y

of blow-ups h, : X, — X,_1 of smooth centres C,_1 C X,_1 such that:

(a) The exceptional divisor E, of the induced morphism h* = h, o --- 0o hy :
X, — X has only simple normal crossings and C, has simple normal
crossings with E, .

(b) Setting h := h, o---0 hy, the total transform h*(J) is the ideal of a sim-
ple normal crossing divisor E. If the subscheme determined by J has no
components of codimension one, then E is an N-linear combination of the
wrreducible components of the divisor E,.

The existence of a principalisation lies as deep as Hironaka’s celebrated
resolution of singularities in characteristic 0 [24]; see [53] for details.

2.6 A class of examples: 3-dimensional p-adic
anti-symmetric algebras

Constructing an explicit principalisation for a given family of ideals (fi,5(y))irs)
is in general very difficult. In the special case that L, is an anti-symmetric (not
necessarily nilpotent or Lie) Zy-algebra of dimension 3, however, the approach
of Theorem 2.14 leads to an explicit, unified expression for the zeta function
of Ly.

Theorem 2.24 ([32], Theorem 1). Let L be a 3-dimensional anti-symmetric
Z,-algebra. Then there is a ternary quadratic form f = f(x) € Zplx1,x2,z3],
unique up to equivalence, such that, for i > 0

Grin(s) = Gas(s) = Zi(s = 2)Gp(2s = 2)¢p(s — 2)pP V(L —ph) 7,

where Z¢(s) is Igusa’s local zeta function associated to f.



126 Chapter I11. Zeta functions of groups and rings

The form f(x) in Theorem 2.24 may be defined explicitly in terms of the
structure constants of L, with respect to a chosen basis. Different bases give
rise to equivalent forms; see [32] for details.

This result yields, in particular, a uniform expression for the zeta functions of
all 3-dimensional Z,-Lie algebras we have seen so far (and others, e.g. [31]). For
example, the forms f(x) for the abelian algebra Zz, the Heisenberg Lie algebra
and the ‘simple’ Lie algebra sl5(Z,) are 0, #3 and x3 — 4x1 79, respectively.

Using the setup of Section 2.5, the key to proving Theorem 2.24 is the
observation that only the functions W;(p~*) with 1 € I differ from the ‘abelian’
functions (2.20). Indeed, if 1 & I, the conditions (2.24) hold for all ro € Ny. If
1 € I, then they hold if and only if

P (R(1)(@))23 =0 mod (p™) (2.27)
and a quick calculation shows that, for o = (a;;) € T's, one has
det(a)(fR(l)(a))g;; = ng(a[l])an — ng(a[l})agl + ng(a[l])agl.

Setting
f(X) = L23(X)$1 — L13(X)Jf2 + ng(X)l‘3

we see that (2.27) holds if and only if

ro 2 11— vp(f(afl])).

The computation of the integral (2.26) is thus no harder than the computation
of the Igusa zeta function associated to the quadratic polynomial f(x).

We note that Theorem 2.24 also yields a complete description of the possible
poles of zeta functions of 3-dimensional Z,-Lie algebras, as the poles of Igusa’s
local zeta function of quadratic forms are well understood; cf. [32, Corollary 1.2].
In higher dimensions, such a description is entirely elusive. Theorem 2.24 also
shows explicitly the relationship between (z(s) and (,1(s) if L is of dimension 3.
No such formula is known in higher dimensions.

2.7 Global zeta functions of groups and rings

Let G be a group with polynomial subgroup growth. As noted in the introduc-
tion, the degree of polynomial subgroup growth of G is encoded in an analytic
invariant of the group’s zeta function (s(s), namely its abscissa of conver-
gence @ = «a(G). The zeta function’s analytic properties hold, however, the
key to more information about the subgroup growth of G. The following is a
deep result.

Theorem 2.25 ([17], Theorem 1.1). Let G be a T-group:

1. The abscissa of convergence « is a rational number, and (c(s) can be
meromorphically continued to Re(s) > a—0d for some § > 0. The continued
function is holomorphic on the line Re(s) = a except for a pole at s = a.
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2. Let b+1 denote the multiplicity of the pole of ((s) at s = «. There exists
a constant ¢ € R such that

5m(G) ~ c-m*(logm)® as m — oo.

The proof of Theorem 2.25 given in [17] proceeds via an analysis of the local
‘cone integrals’ mentioned above.

Whilst it is a remarkable fact that global zeta functions of nilpotent groups
always allow for some meromorphic continuation beyond their abscissa of con-
vergence, it is not the case that they may all be continued to the whole complex
plane, as is the case for abelian groups or the Heisenberg group. In fact, numer-
ous groups have been found for which there are natural boundaries for mero-
morphic continuation; cf. [21, Chapter 7]. Surprisingly little is known about the
abscissa of convergence a and the pole order b+ 1 in general.

3 Variations on a theme

The theme of counting subobjects of finite index in a nilpotent group or a ring
may be varied in several interesting ways.

3.1 Normal subgroups and ideals

One of the forerunners of the very concept of the zeta function of a group is
the Dedekind zeta function of a number field, one of the most classical objects
in algebraic number theory. Given a number field & with ring of integers O, the
Dedekind zeta function of k is defined as the Dirichlet series

Ce(s) == > [0:a[*,

ady O

where the sum ranges over the ideals of finite index in O and s is a complex
variable. Owing to our understanding of the ideal structure in the Dedekind
ring O, we have good control of arithmetic and analytic properties of this
important function. In particular, we know that it has an Euler product
indexed by the prime ideals in O, that it allows for an analytic continuation
to the whole complex plane and has a simple pole at s = 1. Its residue at this
pole encodes important arithmetic information about the number field &, given
by the class number formula; see, for instance, [7].

The ideal zeta function of a general ring L is defined as the Dirichlet series

[eS)
Gi(s)i= > bpm™>= > |L:H|™",
m=1 Hay L

where b3, = b5, (L) is the number of ideals in L of index m. Similarly, if G is
a group of polynomial normal subgroup growth, it is of interest to study the



128 Chapter I11. Zeta functions of groups and rings

normal zeta function of GG, which is defined as

Gls) = apm™ =Y |G:H|™,

m=1 H<;yG

where a3, = a3, (G) denotes the number of normal subgroups of G of index m.
Both the ideal zeta function of a ring L and the normal zeta function of a
nilpotent group G satisfy a Euler product decomposition

G =TI s, @Gy = I ¢&nls)

p prime p prime

into local factors enumerating subobjects of p-power index. The study of normal
subgroup growth of G can also be linearised using the Lie ring introduced in
Section 1.3. By [22, Section 4] we have, for almost all primes p,

Gp(8) = (L p(5), (3.1)
where L = L(G) is the nilpotent Lie ring associated to G.

Example 3.1. Let G be the discrete Heisenberg group from Example 1.4. It
can be shown that

(G (s) = CEls) = C(s)¢(s = 1)¢(3s — 2).

See Exercise 5.3 and [22, Section §8]. Note that the equation (3.1) holds for all
primes p.

In many ways, the theory of ideal zeta functions of nilpotent groups is similar
to the theory of their subgroup zeta functions. In particular, the local factors
(& p(s) are also rational in p~°, and analogues of Theorems 2.2, 2.3 and 2.25
hold. The first explicitly computed example of a non-uniform zeta function is
the normal zeta function of a class-2-nilpotent group.

Example 3.2. In [13] du Sautoy showed that both the subgroup and the normal
subgroup zeta function of the following class-2-nilpotent group are not finitely
uniform. He defined

0 R(y) ) Ys Y1 Y2
R(y) = ( _ ¢ ) € Mate(Z[y1,y2,y3]) with R(y) = y1 y3 0
R(y) 0 2 0

and set
G = (x1,...,%6,Y1,Y2,Y3| Vi,j : [xi,2;] = R(y)i;, all other [,] trivial),

using additive notation for words in the abelian subgroup of G generated by
1,92, y3. Notice that the polynomial det(R(y)) = y19y5 — y; — y5ys defines the
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projective elliptic curve E considered in Example 2.15. In [48, p. 1031] it is
shown that, for p # 2, one has

(Cp(8) = Cas (5) (Wi (p, p™*) + b(p)Wa(p, p~*)),
with b(p) defined in Example 2.15 and

1+X6Y7+X7Y7+X12Y8+X13Y8+X19Y15
(1— XBY9) (1 — X14Ys)(1 — X8YT)
(1-Y?2)XOY5(1 + X13Y8)
(1— XBY9)(1 — X14y8)(1 - X5Y7)(1 — X7Y5)’

Wi (X,Y) =

Wo(X,Y) =

Using the identity b(p)|,—,-1 = p~'b(p), the functional equation

G p(8)lpmpr = =P TG L (s) (3-2)

follows immediately. The local subgroup zeta functions (g, (s) have not been
calculated explicitly; cf. Problem 4.4.

The methods used to perform the calculations in Example 3.2 rely on the
fact that the square root of the determinant of the matrix of relations R(y)
defines a smooth hypersurface in the projective space over the centre of the
group. Together with the algebro-geometric fact that every smooth plane curve
defined over Q may be defined by the determinant of a suitable matrix of linear
forms, one can, in this way, force any such curve to take on the role played by the
elliptic curve in Example 3.2 in the normal zeta function of a class-2-nilpotent
group. We refer to [49] for details.

Equation (3.2) is a special case of an analogue of Theorem 2.14 for normal
zeta functions of class-2-nilpotent Lie rings [47, Theorem C]. To what extent this
symmetry phenomenon extends to normal zeta functions of other (Lie) rings is
largely mysterious. Examples due to Woodward show that this may or may not
hold in Lie rings of higher nilpotency classes, and in certain soluble Lie rings;
cf. [21]. We refer to the related problems and conjectures in Section 4.1

3.2 Representations

By counting subgroups of a group, we count essentially permutation represen-
tations of the group. A natural variant on the theme of counting subgroups of
a given group therefore consists in enumerating the group’s finite-dimensional
irreducible complex representations. In this context, too, the concept of a zeta
function is a helpful enumeration tool if the group has — at least up to some
equivalence relation — only finitely many irreducible complex representations
of each finite dimension, and if these numbers grow at most polynomially. We
call an (abstract or profinite) group G rigid if, for every m € N, the number
rm(G) of isomorphism classes of (continuous, if G is profinite,) irreducible com-
plex representations of G of dimension n is finite. We say that a rigid group G
has polynomial representation growth (PRG) if, for each m € N, the number of
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representations of G of dimension at most m is bounded above by a polynomial
in m. As in the case of counting subgroups, we define the representation zeta
function as the Dirichlet generating function

&(s) =Y rm(@m™ = (dim(p))~*,

m=1 P

where p ranges over the isomorphism classes of finite-dimensional irreducible
complex representations of G. It defines a convergent function on the com-
plex half-plane determined by the infimum of the numbers o € R such that
Yi<m Ti(G) = O(1 +m?).

No general characterisation of rigid or PRG groups is known. In the current
section we will concentrate on results regarding three classes of groups: finitely
generated torsion-free nilpotent (or T-)groups, semisimple arithmetic groups and
compact p-adic analytic groups.

As we will see in Section 3.2, T-groups are ‘rigid up to twisting with 1-dimen-
sional representations’. The growth of the numbers of the ensuing equivalence
classes, called ‘twist-isoclasses’, is polynomial, and the associated representa-
tion zeta functions satisfy Euler product decompositions, indexed by the primes,
analogous to the context of counting subgroups. The Kirillov orbit method of-
fers a suitable ‘linearisation’ of the problem of counting twist-isoclasses of rep-
resentations of p-power dimension, and we may once again use our arsenal of
tools from p-adic integration to study the Euler factors at least for almost all
primes.

In Section 3.2 we briefly review results that show that the representation
zeta functions of certain arithmetic groups also satisfy an Euler product
decomposition, indexed by all places of a number field. The factors indexed
by non-archimedean places are zeta functions associated to compact p-adic
analytic groups. As we shall see, these are also rational functions, albeit not

solely in the parameter p~*.

T-groups

A non-trivial T-group has infinitely many 1-dimensional irreducible representa-
tions: it has infinite abelianisation, and the group of 1-dimensional representa-
tions of Z", i.e. of homomorphisms of Z" to C*, is isomorphic to (C*)™. Tensoring
with 1-dimensional representations will thus yield an infinitude of m-dimensional
representations for every m for which such representations exist. Fortunately,
this turns out to be all that needs fixing. More precisely, given a T-group G
and m € N, we denote by R,,(G) the set of m-dimensional irreducible complex
representations of G and s is a complex variable. Given o1, 09 € R,,(G), we say
that o1 and o9 are twist—equivalent if there exists a 1-dimensional representa-
tion x € R1(G) such that o3 = x®02. The classes of this equivalence relation are
called twist-isoclasses. The set R, (G) has the structure of a quasi-affine com-
plex algebraic variety whose geometry was analysed by Lubotzky and Magid.
They proved in [36, Theorem 6.6] that there is a finite quotient G(m) of G such
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that every m-dimensional irreducible representation of G is twist-equivalent
to one that factors through G(m). In particular, the number ¢, = ¢;,,(G) of
twist-isoclasses of irreducible m-dimensional representations is finite. In [26],
the representation zeta function of G is defined by

oo

¢ (s) = Z Cmm™ .

m=1

Furthermore, the function m +— ¢,, is multiplicative. Indeed, this follows from
Lubotzky and Magid’s result together with the group-theoretic fact that the
finite nilpotent groups G(m) are the direct products of their Sylow p-subgroups
and the basic representation-theoretic fact that the irreducible representations
of direct products of finite groups are exactly the tensor products of irreducible
representations of their factors; cf. [8, (10.33)]. Thus

&)= [I <) where (EL(s)=) cup™™.
i=0

p prime

As in the case of saturable pro-p-groups (see Section 10.2 in Chapter I), there
is a close connection between representations of J-groups and co-adjoint orbits.
This generalisation of Kirillov’s orbit method to the realm of T-groups is due to
Howe. In [25] he shows that (twist-isoclasses of) irreducible representations in a
T-group G are parametrised by co-adjoint orbits of certain (additive) characters
on the associated Lie ring L = L(G). More precisely, we write L for the group
Homy,(L,C*), and Ad* for the co-adjoint action of G on L. We denote by L’ the
Lie subring of L corresponding to the group’s derived group G’. We say that a
character 1) € L is rational on L’ if its restriction to L’ is a torsion element, i.e. if
¥(nL') =1 for some n € N. The smallest such n is called the period of 1. Howe’s
principal result states that a character’s co-adjoint orbit is finite if and only if
the character is rational on L', and that finite Ad*-orbits Q L of characters
of odd period are in one-to-one correspondence with (twist-isoclasses of) finite-
dimensional representations Ug of G of dimension |Q|'/2; see [47, Section 3.4]
for details.

To effectively enumerate twist-isoclasses of finite-dimensional representations
of G we thus have to deal with two problems: given a character ¥ € L of finite
period, we firstly need to determine the size of its co-adjoint orbit. Secondly, to
control over-counting, we have to determine the size of the co-adjoint orbit of
the restriction of ¥ to L’. From now on, we will restrict ourselves to the case
that the nilpotency class of G is 2. In this case, the latter task is trivial as
the co-adjoint action on the restriction of characters to L', which is central, is
trivial.

As in the case of saturable pro-p groups, we associate with a character ¢ € L
the bi-additive antisymmetric map

by : LxL—C* (z,y) — ¢(z,y]).
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Note that by only depends on the restriction of ¢ to L’. We define
Rady := Rad(by) = {x € L| Yy € L : by(z,y) = 1}.

One can show that if 4 is rational on L’ (so its co-adjoint orbit is finite by
Howe’s result) and |L : Rad| is coprime to finitely many ‘bad primes’, depending
only on G, then Rady is the Lie ring corresponding to the stabiliser subgroup
Stabg (1)) of 1 under the co-adjoint action. Then, by the orbit stabiliser theorem,
the index |L : Rady| equals the size of the co-adjoint orbit of . The Kirillov
correspondence now implies that the representation associated to the orbit of v
has degree || ~'/2 = |G : Stabg(¢))| 7Y/ = |L : Rady|~'/2.

Recall that, for a class-2-nilpotent group, finite co-adjoint orbits are parame-
trised by rational characters on L' of finite period. For a prime p and N € Ny,
we write W for the set of characters on I of period pV. By Howe’s results we
have:

Theorem 3.3 ([47], Corollary 3.1). Let G be a class-2-nilpotent T-group. Then,
for almost all odd primes p

¢r(s)= > |L:Rady|™> (3.3)
NeNg, pevy

Assume that tk(G/G’) = d and rk(G’) = d', say, and let p be a prime for
which (3.3) holds. To compute the right-hand side of this equation effectively,
we identify Wy with W, n = (Z/(pV))? \ p(Z/(p™))? as additive groups,
and let R(y) € Mat(d, Z[yi, . ..,ya]) be the matrix of linear forms encoding
the commutator structure of G, i.e. R(y);; = EZ=1 )\ijk if G is generated by
€1,...,eq subject to the relations [e;, e;] = Zzlzl )\fjf;g, say, where G/G" =
(e1G ... eqGy and G' = (f1,..., fa)-

A simple computation shows that if ¢ € U corresponds to £ € W), v, then
the index of Rady in L equals the index of the system of linear congruences

R(Ox =0 mod (p),

where x € Zg. This index can be easily computed from the elementary divisors
of the matrix R(¢). Recall that R(¢) is said to have elementary divisor type
m = (my,...,mg) € {0,..., N}¥ — written v(R(f)) = m — if there are matrices
8,7 € GL4(Z/p™) such that

BR(E)y =

Md

p
and()gmlg---gmdgN.GivenNENoandeNgweset

Nym = |{€ € W, n|v(R({)) = m}|.
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It is now easy to see that

Es)= D Nymp DNz (3.4)
NEeNg, meNg

This ‘Poincaré series’ may, in analogy to the prototype equation (2.3), be
expressed in terms of a p-adic integral. The integrand of this — in general quite
complicated — integral is defined in terms of the minors of the matrix R(y).
This approach yields immediately the rationality of almost all of the local rep-
resentation zeta functions of T-groups. Rationality was first established, for all
primes p, by model-theoretic means in [26].

The general case of T-groups of arbitrary nilpotency class is complicated by
having to account for over-counting when we run over the characters of L’. This
can also be formulated in terms of elementary divisors of matrices of forms;
cf. [47, Section 2.2]. We illustrate the computations in class 2 outlined above
with a familiar example.

Example 3.4. Let G be the discrete Heisenberg group from Example 1.4. Here
d =2 and d’ = 1. For all primes p and N € Ny, we have W, x = (Z/(p"))*.
The commutator matrix R(y) is given by

and therefore

1 if N =0,
Nym =% (1—-p H)pY if NeNandmy =mg =0,
otherwise.

Thus, for all primes p

Eps) = D0 Nymp Norlmmaer (3.5)
NeNg,meNg
=1 3t
NeN

=(1-p)/A-p""),
or, equivalently

¢ (s) = elm)m™ = (s — 1)¢(s) 7",

where ¢ denotes the FEuler totient function. This was first proved in
[41, Theorem 5] by a direct calculation of the twist-isoclasses.
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Notice that the local factors of the representation zeta function of the Heisen-
berg group all satisfy the functional equation

(6 (8)lp—p—1 = DB (5).

This generalises in the following way:

Theorem 3.5 ([47], Theorem D). Let G be a T-group with derived group G' of
Hirsch length d'. Then, for almost all primes p

irr

Gp(8)lp—p-1 = grp(s) (3.6)

Semisimple arithmetic groups

Let k£ be a number field with ring of integers O, and S be a finite set of places of k,
including all the archimedean ones. We denote by Og the S-integers in k. Let G
be a semisimple, simply connected and connected algebraic group G defined over
k, together with a fixed embedding into GLy for some N € N. By an arithmetic
group we mean, in the following, a group G which is commensurable to G(Og).
Recall that G is said to have the congruence subgroup property (CSP) if every
finite index subgroup of G is a congruence subgroup; see Section 3 of Chapter II.
Recall further that, if G is rigid, the representation zeta function (I*(s) of G
has finite abscissa of convergence if and only if G has polynomial representation
growth (PRG).

Theorem 3.6 ([38], Theorems 1.2 and 1.3). Let G be an arithmetic group. Then
G has PRG if and only it has the CSP.

Assume from now on that G is an arithmetic group with the CSP. For a
non-archimedean place v of k we write O, for the completion of O at v.

Proposition 3.7 ([34], Proposition 4.6). There is a subgroup Gg of G of finite
index i G such that

G (s) = oy (915~ T] cir(s (3.7)

vgS

where So denotes the set of archimedean wvaluations of k, L, is an open
subgroup of G(0O,) and ng(c)(s), respectively (" (s), enumerates irreducible

rational, respectively continuous, representations of G(C), respectively Ly, .

The fact that we need to pass to a finite index subgroup in Proposition 3.7
is insubstantial if we are mainly interested in the representation zeta function’s
abscissa of convergence. Indeed, we have the following:

Lemma 3.8 ([34], Corollary 4.5). If G is a PRG group and Gy < G a finite
index subgroup, then the abscissae of convergence of the zeta functions (& (s)
and C” (s) coincide.
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Example 3.9. Let G = SL,(Z). It is well known that SL,, (Z) satisfies the CSP
if and only if n > 3. In this case, Proposition 3.7 yields that

&) =Gl T &.e) o)

p prime

Already at first glance the Euler product (3.7) differs from the Euler factori-
sations we have encountered before by the presence of factors ‘at infinity’. The
Euler factor (iér((c)(s) is, however, comparatively well understood. For instance,
we have:

Theorem 3.10 ([34], Theorem 5.1). The abscissa of convergence of {iér((c)(s) is
equal to p/r, where p = rk(G) and k = |®| is the number of positive roots.

The proof of Theorem 3.10 is based the fact that the rational representa-
tions of these groups are combinatorially parametrised by their highest weights;
see [34, Section 5] for details.

Example 3.11. The group SLy(C) has a unique irreducible rational represen-
tation of each finite dimension. Thus

(&) = D m ™ =((s).
m=1

The abscissa of convergence of the Riemann zeta function is 1 = 1/1 = p/k.

Regarding the abscissa of convergence of the global representation zeta func-
tion of an arithmetic group, the following is known:

Theorem 3.12 ([2], Theorem 1.2). Let G be an arithmetic group with the CSP.
Then the abscissa of convergence of Cgr(s) s a rational number.

The proof of this deep result uses sophisticated tools from algebraic geome-
try, model theory and the representation theory of finite groups of Lie type. We
only remark that whilst its conclusion is analogous to one of the conclusions of
Theorem 2.25, its proof requires substantially different methods.

Compact p-adic analytic groups

The groups L, in Proposition 3.7 are compact p-adic analytic groups. Let, more
generally, G be a finitely generated profinite group. It is well known that the
numbers 7, (G) of isomorphism classes of continuous irreducible n-dimensional
complex representations of G are all finite if and only if G is FAb, i.e. if and
only if every open subgroup of G has finite abelianisation; cf. Section 10.1 in
Chapter 1.
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Theorem 3.13 ([30], Theorem 1.1). Let G be a compact FAb p-adic analytic
group with p > 2. Then there are natural numbers nq,...,ny and rational func-
tions f1(Y),..., fx(Y) € QY] such that

k
G (s) =D ni*filp™).
i=1

This deep result takes a more complicated form than the rationality re-
sults for Euler factors we have met before. It should not surprise us, how-
ever, that the representation zeta function of a p-adic analytic group is not,
in general, a rational function just in p~°: whereas the continuous representa-
tions of a pro-p group clearly all have dimension a power of p (as they factor
over finite index normal subgroups of the group), a p-adic analytic group is
only virtually pro-p, i.e. it has a pro-p subgroup of finite index. The natu-

ral numbers ny,...,n, in Theorem 3.13 can be interpreted as the dimensions
of the representations of the quotient of G by a normal, finite index pro-p
subgroup.

As the work on representation zeta functions for T-groups sketched in
Section 3.2, the proof of Theorem 3.13 is based on a Kirillov orbit method
for compact p-adic analytic groups.

Explicit examples of representation zeta functions of compact p-adic groups
are difficult to compute. In [30], Jaikin computes Cisr]fQ(R) (s), where R is any com-
plete discrete valuation ring with odd residue field cardinality. Note, however,
that the group SLy(Z), for instance, does not have the CSP. The Euler product
CsLa(c)(8) Hp prime (sL,(z)(s) does hence not represent the representation zeta
function of SLa(Z), but only accounts for the ‘congruence representations’ of
SL3(Z), i.e. those which factor over a congruence quotient of SLy(Z).

The paper [5] develops a p-adic formalism for representation zeta functions
of certain p-adic analytic pro-p groups, using the Kirillov orbit method as a key
tool; see also [3]. For FAb pro-p groups it provides a formula of the form (2.13) for
the representation zeta functions. By arguments similar to the ones in the proof
of Theorem 2.14 we deduce functional equations akin to (3.6) for representation
zeta functions of pro-p groups in globally defined families; see also Theorem
10.3 in Chapter I. In noteworthy contrast to subgroup growth zeta functions,
the results in [5] show that the representation zeta functions of the relevant
groups satisfy a strong ‘uniformity’ property under ring extensions. This phe-
nomenon implies monotonicity results for the relevant abscissae of convergence.
It is illustrated by the explicit formulae for the representation zeta functions of
groups of the form SL3(0,) given in [4], valid in case the residue characteristic
is not 3. The formulae are uniform in ¢, the residue field cardinality of O,, and
exemplify the functional equations. Using delicate arguments involving Clifford
theory, the paper [5] also determines the abscissa of convergence of representa-
tion zeta functions of arithmetic groups in algebraic groups of type Ay defined
over number fields.
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3.3 Further variations
Nilpotent groups

Besides the zeta functions counting all subgroups, normal subgroups and repre-
sentations of a T-group G, people have studied the zeta functions enumerating
subgroups of G' which are isomorphic to G, the ‘pro-isomorphic’ zeta functions
enumerating subgroups whose profinite completion is isomorphic to the profinite
completion of G' and the zeta functions enumerating subgroups up to conjugacy;
cf. [22, 18, 6, 47]. The last two types of zeta functions satisfy Euler product

S

decompositions into Euler factors which are rational in p~*.

Compact p-adic analytic groups

Let G be a compact p-adic analytic group. Recall that such a group is virtually
pro-p. In [11] du Sautoy proved that the ‘local’ zeta function

o0
Cap(s) = Z apn (G)p™"*
n=0
of G is rational in p~*. He also proved that the ‘global’ zeta function (z(s)
counting all finite-index subgroups is rational in p~*,n;°,...,n;° for natu-
ral numbers n1,...,n; (analogous to Theorem 3.13), and established similar
results for zeta functions counting normal subgroups, r-generator subgroups
and subgroups up to conjugacy in compact p-adic analytic groups. We refer to
[39, Chapter 16] for details. In [16] du Sautoy showed the rationality of certain
generating functions enumerating the class numbers of (i.e. the total numbers
of conjugacy classes in) families of finite groups associated to compact p-adic
analytic groups.

Finite p-groups

The methods used to study the subgroup growth of nilpotent or p-adic analytic
groups have found applications in the enumeration of finite p-groups, notably
Higman’s PORC conjecture; see [12] and Section 4.2 of Chapter I. Given a
prime p and natural numbers ¢, d and n, let f(n,p,c,d) denote the number of
(isomorphism classes of) d-generator p-groups of order p™ and nilpotency class
at most c. We define the Dirichlet generating function

C&,d,p(s) = Z f(nvpa C, d)pin?
n=0

In [12] du Sautoy proved that these generating series are rational in the parame-
ter p~*. The connection with zeta functions of nilpotent groups is the following.
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Every p-group on d generators of nilpotency class ¢ is a quotient of the free
class-c-nilpotent group F' := F. 4 on d generators by a normal subgroup NN of
p-power index. Two such groups may, of course, define isomorphic quotients.
In [12] he manages to control this ambiguity by considering open normal sub-
groups in the pro-p completion (F/’C:i)p. It is a fact that two such subgroups M
and N define isomorphic quotientb if and only if there exists an automorphism
@ of (F,q)p such that ¢(M) = N; cf. [39, Proposition 16.4.1]. To count iso-
morphism classes of the finite quotients it therefore suffices to enumerate orbits
of this automorphism group acting on the lattice of open normal subgroups of
(Fe,a)p- Computing the local normal zeta functions (3, , (s) may thus be seen
as a preliminary step to computing (. 4,,(s). See [39, Sectlon 16.4] for a detailed
exposition of this approach, and its connection with Higman’s conjecture.

It follows easily from the structure theorem for finite abelian p-groups that

Crap(s) = Gp(8)Cp(2s) - - (p(ds). (3-8)

In [52] it is proved that, for all primes p, one has

Ca2,p(8) = Cp(S)CP(QS)Cp(35)2Cp(4S)~

No other explicit formulae of this kind are known.

4 Open problems and conjectures

In this section we collect a number of open problems and conjectures which we
consider of central importance in the area of zeta functions of groups and rings.

4.1 Subring and subgroup zeta functions

Conjecture 4.1 ([22], p. 188). Let F, q denote the free class-c-nilpotent group
on d generators. Then (g, ,(s) and (i (s) are almost uniform, i.e. there are
rational functions W, 4(X,Y),W2,(X,Y) € Q(X,Y) such that, for almost all
primes p, one has ’

CFc,d,p(S) - Wc,d(p7p75)7
C;z:,rl,p(s) = W:d(p,p_s),
Conjecture 4.2. Let L be a class-c-nilpotent Lie ring of torsion-free rank n

with upper central series (Z;(L))icqo,....cy- Set n; = rk(L/Z;(L)). Then, for
almost all primes p, one has

deg,—. (¢f ,(s)) = Zn“ (4.1)

lim (p~*)Zi=1 "¢ (s) = <—1>”p<3’>. (4.2)

S§——0Q
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Note that, for the primes p for which (z, ,(s) satisfies a functional equation
of the form

G2y (8)lpmpr = (1) T (), (43)
the equations (4.1) and (4.2) are simple corollaries of (4.3). In particular,
Conjecture 4.2 holds if ¢ < 2; cf. [47, Theorem C]. For higher classes, however,
it is known that equation (4.3) does not hold in general. All known examples
nevertheless satisfy equations (4.1) and (4.2); see e.g. [21].

Problem 4.3. Characterise nilpotent Lie rings for which the functional equa-
tion (4.3) holds for almost all primes p.

A ‘conjectural’ characterisation has been given in [21, Chapter 4].

Problem 4.4. Let G be the group defined in Fxample 3.2. Compute the local
subgroup zeta functions (g p($).

Conjecture 4.5. Let L be a class-2-nilpotent Lie ring with
tk(L/L") = d,vk(Z(L)) = m,vk(L/Z (L)) = r.
Let o denote the abscissa of convergence of (7 (s). Then

k d—k)+1
09—  max {d, (m+—>+} '
ke{l,...,m} r+k
That o is greater or equal to the right-hand side was proved in [42]. Equality
has been proved for the free class-2-nilpotent groups F5 4 in [50]. More generally,
we pose the following problems:

Problem 4.6. Given a ring L, determine the abscissae of convergence of its
subring and ideal zeta functions, respectively.

Problem 4.7. Given a ring L, determine (a small superset of) the natural
numbers a;, b; occurring in the denominators of its local (ideal) zeta functions;
cf. Theorem 2.2.

It follows from [17] that the abscissa of convergence of a ring’s global zeta
function is a simple function of these integers. Problem 4.7 is thus strictly harder
than Problem 4.6. Even partial answers for specific families of rings as nilpotent
or soluble Lie rings or ‘simple’ Lie rings like sl,,(Z) would be very interesting.

4.2 Representation zeta functions

Problem 4.8 ([34], Problem 4.2). Characterise rigid groups, and groups of
polynomial representation growth (PRG).

Problem 4.9. Let G be a T-group with representation zeta function (Z*(s).
Is the abscissa of convergence of (2¥(s) a rational number? Does (& (s) admit
analytic continuation beyond its abscissa of convergence? Interpret the abscissa
of convergence and the poles of the Euler factors of (Z*(s) in terms of the
structure of G.
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A positive answer to this problem would imply asymptotic statements about
the numbers of twist-isoclasses of representations of T-groups, analogous to
Part (2) of Theorem 2.25.

Problem 4.10. Let SLF(Z,) := ker(SL,(Z,) — SL,(Z/(p*Z)) denote the kth

congruence subgroup of SL,,(Z,). How do the functions Cisrik(z )(s) vary with the
n\&p A

prime p? What are the abscissae of convergence of the zeta functions Cérer(Z)(s) ?

What about other ‘classical’ p-adic analytic groups?

Problem 4.11. Let G be an arithmetic group satisfying the CSP. Does its rep-
resentation zeta function Cgr(s) admit analytic continuation beyond its rational
abscissa of convergence?

Again, a positive answer would give us control over the asymptotic of the
numbers 7, (G) as m tends to infinity.

5 Exercises

In this section we collect a number of exercises. Harder exercises are marked
with *.

Exercise 5.1. Let ¢ be a prime power, n € N, and I C {1,...,n — 1}. Show
that the number of flags of type I in I} is equal to (?)q.
Exercise 5.2. Prove equation (2.12) directly.

Exercise 5.3. (cf. Example 3.1) Let p be a prime, and L, = L ®7 Z,,, where L
is the Heisenberg Lie ring. Let I' = GL3(Z,) and M € Mat3(Z,). In the setup
of Section 2.5, show that a coset I'M corresponds to an ideal if and only if
Mss | M1y and M3z | Mas. Deduce that, for all primes

CEI,(S) = Z |Lp : HI7% = (p(s)Gp(s — 1)Gp(3s — 2).
H«ay Ly,

Exercise 5.4 (x). Let L be a ring of additive torsion-free rank n. Using the
setup and notation of Section 2.3, show that a matrix M = (M;;) € Trs(Z,)
encodes the generators of an ideal if and only if

Vie{l,...,n}: Da"'R(afi]) =0 mod Dy,
(This is the ‘ideal’-analogue of equation (2.23).)

Exercise 5.5 (x). For n € N, let L(n) = Z", considered as a ring with
component-wise multiplication. Show that

(L) () = ¢(s)°¢C(3s — 1)¢(2s) 72
Can you compute CL(n)(s) for n > 3?7 Show that, for all n € N and all primes p
CL(n),p(s) = Cp(s)n

(A formula for {z,(3),(s) can be found in [35, Proposition 6.3]. No formula seems
to be known for n > 4.)



References for Chapter IIT 141

Exercise 5.6 (x). Let G be the group defined in Example 3.2. Show that, for
p#2 A
C&p(8) = Wilp,p™*) + b(p)Wa(p,p ™),

where

1-X3
Wl(XI:XQ) = ﬁgiﬁgv WQ(X17X2)
142

(X - )Xy - 1)X2
- (1-X7X3) (1 - X7X3)

and b(p) is defined as in Example 2.15. Deduce the assertion of Theorem 3.5 in
these cases.

Exercise 5.7. Establish formula (3.8).
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Jordan’s theorem, 53, 91 p-adic absolute value, 15
just-infinite profinite group, 46, 50 p-adic exponentiation, 35

p-adic integers, 17, 30, 35
Kirillov’s orbit method, 54, 131, 136 p-adic numbers, 16

Krull topology, 29 p-adic valuation, 15
p-group, 11

Lazard correspondence, 14, 19, 48 path, 20
Lazard’s characterisation of compact  path-connected space, 20

p-adic Lie groups, 18 perfect Lie algebra, 54
Lie algebra, 12 PF-embedded subgroup, 47
Lie algebra of an algebraic group, 71~ PF-group, 47
Lie correspondence, 48 Poincaré series, 111, 133
Lie lattice, 12, 41 polyhedral cone, 115
Lie ring, 12, 102 polynomial representation growth (PRG),
Lie-Kolchin theorem, 64 129
linear algebraic group, 66 polynomial subgroup growth (PSG),
local field, 17, 29 34, 38, 100
local functional equation, 56, 117 potent filtration, 47
local zeta function, 100, 101 powerful Z,-Lie lattice, 43
locally compact space, 20 powerful p-group, 25
logarithm series, 13, 49 powerful pro-p group, 33
longest element in S, 119 powerfully embedded subgroup,

lower p-series, 26, 33 25, 33
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principalisation of ideals, 125
pro-p completion, 32

pro-p group, 32

pro-p group of finite rank, 34
pro-p wreath product, 36
probability measure, 52
procyclic group, 32, 35
product topology, 20
profinite completion, 31
profinite group, 30, 31
projective variety, 117

g-binomial coefficient, 108
quaternion algebra, 50
quaternion group SL;(A,), 50
quotient topology, 20

radical, 55, 132

random k-tuple, 52

rank, 27, 33

reduced norm, 50

reduced trace, 50

reduction modulo p, 107

reductive group, 76

regular p-group, 25

representation growth, 54

representation zeta function,
54, 130

residually finite group, 31, 100

resolution of singularities, 116

restriction of scalars, 69, 71

Riemann zeta function, 100

rigid group, 129

ring, 101
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saturable pro-p group, 47, 51
Schubert cell, 109

Selberg’s theorem, 63
semisimple group, 73

Serre’s conjecture, 84

sly(Z), 102

special linear groups SLg(Z,,), 49
strong approximation, 64, 82, 83, 90
subgroup zeta function, 49, 99
subring zeta function, 101
subspace topology, 20

Sylow pro-p subgroup, 32, 36

T-group, 130

tangent space, 71

Teichmiiller representatives, 16
Tits alternative, 63

topological group, 18
topological space, 19

torus, 77

totally disconnected space, 20
trivial absolute value, 15
twist-isoclasses of representations, 130
Tychonoff’s theorem, 20

uniform pro-p group, 39

uniform zeta function, 108
uniformly powerful pro-p group, 39
upper central series, 11

Weil conjectures, 57, 117
wreath product, 21

Zariski topology, 64
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